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1 INTRODUCTION

ABSTRACT

We address the problem of discretizing continuous cosnicdbgignals such as a galaxy
distribution for further processing with Fast Fourier teitfues. Discretizing, in particular
representing continuous signals by discrete sets of sapgitgs, introduces an enormous
loss of information, which has to be understood in detaihié evants to make inference from
the discretely sampled signal towards actual natural payguantities. We therefore review
the mathematics of discretizing signals and the applinatibFast Fourier Transforms to
demonstrate how the interpretation of the processed dataedfected by these procedures.
Itis also a well known fact that any practical sampling methtdroduces sampling artifacts
and false information in the form of aliasing. These samphmtifacts, especially aliasing,
make further processing of the sampled signfiidilt. For this reason we introduce a fast and
efficient supersampling method, frequently applied in 3D caiepgraphics, to cosmological
applications such as matter power spectrum estimatiors. mbthod consists of two filtering
steps which allow for a much better approximation of the lidmanpling procedure, while
at the same time being computationally vefificient. Thus, it provides discretely sampled
signals which are greately cleaned from aliasing conticimst
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filter approximations of the ideal low-pass filter, which yphlave
finite support in real-space and hence allow for fast comjmurtaf

Many cosmological applications, like estimating the powpec-
trum from galaxy surveys or calculating the gravitationaigmtial
of the dark matter distribution in numerical simulatioredyron the
use of Fast Fourier Transform (FFT) techniques. They areréal/
above other computational techniques as their low comipualt
complexity allows to process huge datasets in reasonabésti

However, since by definition the FFT operates only on finite

sets of discrete sample points the problem arises how toetiize
and digitize a continuous signal, in order to record it in poier

memory and make it available for further processing with &FT

Natural physical signals, though, are generally neithecréie in
real-space nor in Fourier-space.

the low-pass filtering convolution.

In cosmology some frequently used techniques to discretize

a continuous distribution of point particles are Nearest ®oint
(NGP), Cloud In Cell (CIC) or Triangular Shaped Clouds (TSC)
(Hockney & Eastwoad 1988), which all attribute a weighteakfr

tion of the individual point particle mass to the surrourgufis-

crete grid positions. The process of sampling by relying lese
filter approximation in general not only irrevocably redsitiee in-
formation content of the continuous signal to that one regmeed
by a set of discrete points, it also introduces samplindeaits like
aliasing or Gibbs ringing (Wolberg 1297; Marschner & Lobi94.9

Reducing such a signal to a set of finite and discrete sample|cyi et al. 2008). It is often the leakage of aliasing powenfriie

points will naturally introduce an enormous loss of infotioa.

For this reason we try to answer what kind and how much inferma

tion of the true physical system is still represented by traed
data. This is equivalent to ask for a response function d®sgr
the operation of the computer data acquisition.

According to Shannon’s theorem sampling a continuous sig-

nal can be achieved by low-pass filtering and sampling thé&rcon
uous signal at discrete positions (Shamnon 1948,/1949)-pas%
filtering requires to convolve in real-space with the sinasdmal
function, which is infinite in extend, and is therefore noagdical
for real world applications. For this reason one usuallyesebn
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stop-band which makes further processing of the samplethkig
difficult. For example, estimation of higher-order spectra tike
bi- or tri-spectrum, with FFT techniques will be erroneous do
sampling artifacts. As mentioned.in Cui et al. (2008), sptfeare is
no known approach to accurately correct for these sampiiiegts
in measuring higher-order spectra like the bi-spectruni WiET
technigues. The aim for signal processing technologiagttie is
to find low-pass filter approximations whichfBuaiently suppress
these sampling artifacts, while at the same time still bem@pu-
tationally far less expensive than the ideal sampling pore The
Digital Signal Processing (DSP) literature provides plesftpos-
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sible approaches (see €.g. Smith 2002) which could be intemxti
to various cosmological signal processing problems.

For cosmological applications recentlyfigrent approaches
have been presented to deal with the problem of sampling arti
facts (Jing 2005; Cui et al. 2008). Jing (2005) proposes &uev
ate all aliasing sums of the NGP, CIC and TSC method. He finds
that the sampled shot noise contribution to the power spectr
can be expressed in a simple analytic way. To correct fohéurt
aliasing contributions, he introduces an iterative caroecmethod
for the power spectrum, assuming a power-law behavior. kewye
Jing’s method is only applicable to power spectrum estiomati
and in cases where there are no other sources of mode-agpuplin
like masks of a galaxy survey or selection functions. Thehoet
proposed by Cui et all (2008) utilizes the scale functionghef
Daubechechies wavelet transformation as filter approxémsit It
has been demonstrated to yield better results than sta@d@rdr
TSC methods.

However, most of these approaches rely on increasing the spa

tial support of the filter approximation to more closely egent the
properties of the ideal low-pass filter. This approach id kebwn

in the DSP literature, which favors the windowed sinc fumasi as
optimal approximations to the ideal low pass filter (Theufzle
2000;| Duan et al. 2003; Marschner & Lobb 1994; Smith 2002).
These approaches, though, become computationally moenexp
sive as the spatial support of the filter approximation groavsl
tends towards evaluating the ideal low-pass filtering ctutian.
Many applications, like for instance particle mesh codesyéver,
rely on fast but nevertheless accurate low-pass filteringgmures.
Hence, sampling a continuous signal like the galaxy digtidim on

a discrete grid to further process it via FFT techniquesviggs a
trade df between computationalfeciency and quality.
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signals in sectiofl2. A review of Shannon’s sampling theoagih
the discussion of how to discretize signals sampled to ad®alin
domain are given in sectidd 3. In sect{dn 4 we discuss thei&our
space discretization of signals, and show, that while ibispossi-
ble to uniquely recover the entire signal from the sampladsi,

it is possible to uniquely restore individual Fourier modetien
applying the appropriate filter method. We also show thatdike
cretized signal in general will not reflect all physical pedies of
the underlying continuous signal. In section]5.1 we outlheeideal
sampling procedure, while in sectibh 6 we discuss the apnadl-
lems of practical sampling procedures. In secfibn 7 we descr
our supersampling method, and show how this method can delp t
aliviate aliasing contributions. This is followed by a dission in
sectior 8.

2 THE REQUIREMENTS OF FFTS

As already mentioned in the introduction, the FFT is a vakei&wol
in processing huge cosmological datasets due to its coriqmuea
efficiency. This allows us to apply many mathematical operation
like convolutions or deconvolutions to the data in an coraponhal
feasible way. However, using FFTs relies on two strong mequi
ments as the function has to be discrete not only in realespat
also in Fourier-space.

It is a well known fact that a natural physical signal like the
galaxy distribution is neither living in a discretized rewlr a dis-

For this reason we introduce a new supersampling technique cretized Fourier-space. The reduction of such a signal tet &fs

frequently applied as an anti-aliasing technique in 3D catep
graphics to cosmological applications like power spectestima-
tion (Wolberg 1997; Goss & Wu 2000).

Our method is a two step filtering process in which the signal
first is sampled to a discrete grid with super resolution k@a€IC
or TSC method, then low-pass filtered with the ideal disciate
pass filter, and finally resampled at target resolution.

In this fashion, by using simple low-pass filter approxiroati
and utilizing FFTs, we provide a fast method to accuratelgutate
a low-pass filtering procedure.

As our method uses existing finite support filter approxima-
tion, it can be understood as complementary to the approfich o
finding better low-pass filter approximations. The comborabf
both approaches will naturally lead to more optimal resutimy-
ever, the supersampling method in itself is computatignailich
less expensive than increasing the spatial support of tiee &ip-
proximation, while at the same time presenting better tesisl can
be demonstrated in the case of cosmological matter powetrspe
estimation.

Beside being a numericallyfiicient method, the supersam-
pling procedure does not only aim at correcting aliasifigats in
the power spectrum, it also greately cleans the discretagual
from aliasing contributions.

This is important for applications which operate on the sam-
pled signal, like calculating the gravitational potenfial particle
mesh simulations (Hockney & Eastwood 1988), or for furthrerp
cessing the discrete galaxy distribution within a FFT bdgeshr
Wiener filtering process as described in Kitaura & Enf3linO€0

This paper is organized as follows. We begin by briefly outlin
ing the general requirements for applying FFTs to real comtis

finite and discrete sample points, thus, introduces an engsioss
of information.

As will be demonstrated below, the sampling theorem by
Claude Shannon_(Shannon 1948, 1949) requires a functioe to b
band limited, meaning, that the function has to bdfiskently
smooth in order to have its support extending only up to a maxi
mal frequency in Fourier-space. If this criterion would béifled,
then the complete information of the continuous signal canelp-
resented by a set of discrete sample points in real-spasee\éo,
physical theories about the dark matter distribution amdpibwer
spectrum tell us, that the power spectrum possibly extenesail
frequencies in Fourier-space, meaning that the matter ataky
distributions cannot be sampled on a discrete grid withass lof
information.

In addition, as already mentioned above, discretenesslin re
space is not enough, and must be understood only as a ngcessar
requirement for using FFTs. Using FFTs additionally enésrthe
Fourier-space to be discrete. This is in agreement withabethat
the FFT requires the real-space signal to be periodic, mgahe
signal can be represented by a finite set of Fourier waves.

For these reasons we claim the requirement of real-space and
Fourier-space discreteness to be strong criteria in tghdsf in-
formation conservation, as in general no physical signbiffulfill
these requirements in a natural way.

In the following we will discuss how to optimally sample a
continuous signal in order to conserve as much informatsopos-
sible. In doing so, we will arrive at the ideal instrumentpasse
function of our computer, which allows us further intuitivesight
into the problem of representing a real physical quantityarid
of finite sample points.

© 2006 RAS, MNRASDOO,[THI7
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Figure 1. Multiplication a) and convolution b) of a function with therBc comb.

3 DISCRETIZING THE REAL-SPACE

As already mentioned a necessary requirement for the apiolic
of FFTs is the real-space discreteness of a signal. Howirehe
case discussed in this work the real physical signal is woatis in
real-space and hence has to be discretized. This is ushilgvad
by dividing the continuous signal into small regions andaks-
ing a number with each of those. As this process also invaves
loss of spatial resolution, and therefore requires to saftarp fea-
tures, information gets lost. This process of convertingraiouous
signal into a discrete representation can cause seveifattstike
aliasing or Gibbs ringing.

A good way to understand, analyze and eliminate these ar-
tifacts is through Fourier analysis. In the following we hdis-
cuss the necessary requirements for real-space distiwtizas

(@. By making use of the convolution theorém]A1, which state
that the product of two functions in real-space yields a obnv
tion in Fourier-space, the Fourier transform of the samfledtion
8(p) can be expressed as:

a(p) = (o ) (p). ®)

where the™=symbol denotes the Fourier transform of a fonaind
the circle symbob denotes a convolution.

As demonstrated in AppendixX’A2 the Fourier transform of the
Dirac comblI(p) is again a Dirac comb and is given by:

fi(p) = ps 3 6°(P—ips). @

j=—o0

was demonstrated by Claude Shannon in his sampling theoremwhereps = 27/Ax is the repetition length in Fourier-space, which

(Shannon 1948, 1949).

3.1 Sampling theorem

In order to discretize a continuous function, we will regmesa
point sample as a scaled Dirac impulse function.

With this definition, sampling a signal is equivalent to mult
plying it by a grid of impulses, one at each sample paint jAX,
wherej is an integer andx is the grid spacinbb
[1994), as illustrated in Figufé 1.

Let f(x) be a continuous function, then its sampled version
g(x) can be expressed by:

9(¥) = T1(x) f(x), @)

where the sampling functiofi(x) = X7 _, 8P(x - jAX) is a Dirac
comb or impulse train. With this definition we yield the disi&r
function at the sample positios as:

g = (1A, )

However, in order to demonstrate the origin of aliasifige@s
in the following we will focus on the Fourier transform of exdion
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is often called the Nyquist rate. Singgp) is a Dirac comb the
convolution in equation{3) amounts to duplicatifigp) at every
point of IT(p):

(iTo ) (p)
b [0 - ipa f(p- PP

j=—00

a(p)

)

Ps Z f\(p_]ps) s

j=—o0

®)

as displayed in Figufg 1. This demonstrates that the Forejee-
sentation of the sampled functig@p) is a superposition of the true
continuous Fourier transforrﬁ(p) and all its replicas at positions
ips = j(27)/Ax. We call the copy off(p) at j = O the primary
spectrum and all other copies alias spectra. This reswdaisthat
the sampling operation has left the original input spectrf(rp)
intact, just replicating it periodically in the Fourier dam with a
spacing ofps (Wolberg 1997)

This suggests to rewrite the sampled spectgip) &s a sum
of two terms, the low-frequency (baseband), and the higiueacy
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Figure 2. a) Undistorted sampled function and b) sampled functioh afiasing.

(aliasing) components;

fm+ > f(p-ipy)

j=—00,j#0

f(p) + Fur(p)

a(p)

(6)

The baseband spectrum is exacfifp), and the high-frequency

componentsEye (p), consists of the remaining replicated versions

of fA(p) that constitute harmonic versions of the sampled signal
).

A crucial observation in the study of sampled-data systams i
that exact signal reconstruction from the sampled datainesjto
discard the replicated spectfar(p), leaving onlyf(p), the spec-
trum of the signal we seek to recov997).

If the different replicasf(p) do not overlap with the baseband
spectrum, then we can recové¢p) from §(p), by simply multi-
plying §(p) with a function which is one inside the baseband and
zero elsewhere, and therefore eliminates the high frequeartri-
butions, see Figurlg 2 a). On the other hand, if the high-Eaqy
contributionFy e (p) has some overlap with the baseband spectrum,
there is no way to uniquely recover the original sighéb) from
its sampled versiog(p), see Figur&€l2 b). Therefore, the only pro-
vision for exact sampling is tha‘f(p) must be undistorted due to
the overlap withFyi¢ (p) (Wolbergl 1997). For this to be true, two

conditions must hold:

(i) The signal must be bandlimited. This avoids functidhp)
with infinite extent that are impossible to replicate withouerlap.

(i) The sampling frequencys = (27)/Ax must be greater than
twice the maximum frequencgmax present in the signal. This can
be understood by looking at Figuré 2. This minimum frequency
known as the Nyquist rate, is the minimum distance between th
spectra copies, each with bandwigth

The first condition merely ensures that afiiently large
sampling frequencyps exists that can be used to separate repli-
cated spectra from each othM@%?). The second con
dition provides an answer to the problem of théfisiency of data
samples to exactly recover the continuous input signalates that
the signal can only be recovered exactly whgn> 2 pyay With
Pmax = Pnyquistbeing the Nyquist frequency, not to confuse with the
Nyquist rate@?).

This is the sampling theorem as pioneered by Claude Shannon

in his papers (Shannon 1948, 1949).

3.2 Low-Pass-Filtering

As seen in the previous section, when a signal is being sahitple
must be band-limited if we are to recover its information teom
correctly. Natural signals, however, are not generallydblamited,
and so must be low-pass filtered before they are sampled orequ
alently, the sampling operation must include some form oélo
averaging.

Itis therefore required to apply a filter to the signal, whicits
away all Fourier modes higher than a certain maximal frequen
Pmax = Ps/2. Such a filter is called an ideal low pass filter, and it's
Fourier representation is given as:

1
0

for [pl < Pmax
for [pl > Pmax

(e - { ™
It is ideal in the sense, that it has unity gain in the passtben
gion, hence not introducing any attenuation of the Fouriedes
to pass, and that it perfectly suppresses all the power isttz
band region. Applying this ideal low-pass filter to the sighg
multiplication in Fourier-space yields the low-pass fi#esignal:

h(p) = W(p) f(p), ®)

which according to the convolution theorémJA1l translatesso
real-space representation as:
h(x) = (Wo f)(X). 9)
The real-space representatidf(x) of the ideal low pass filter is
calculated in Appendix A3 and yields a sinc function:

pmax

W) = == Sind(PmaxX) - (10)
Hence, low-pass filtering is equivalent to convolving witlsiac
function in real-space.

As the sinc function has not such a sharp localization inespac
as a Dirac delta distribution, any sharp feature will be sedaut.

In this sense low-pass filtering reduces spatial infornmatiehich
cannot be uniquely restored.

The low-pass filtered functioh(x) now meets the require-
ments of the sampling theorem, and can be discretized irspeaie
with a grid spacing\x < 7/ pmax. With these requirements the sam-
pling procedure for a natural signal turns into:

9(x) = T h(x) = TI(x) (W o f) (x). (11)

This process is graphically represented in Fidure 5 a).

© 2006 RAS, MNRASDOO [THIT
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Figure 3. Aliased sinc function for ¥32. The vertical lines limit the base-band.

3.3 Sampling on a finite real-space domain

We have demonstrated above, that a band-limited signal ean b
uniquely recovered from its discretized approximationisTi due
to the fact that there exists afaiently high sampling frequency
to separate the aliased copies from the base-band speatditha
the sampling operation has left the original spectrfip) intact.
However, this is closely related to the fact that the samateglis-
tributed over the infinite domain of real-space as the sunhén t
sampling operatofI(x) extends from minus to plus infinity since
only then the Fourier transform of the sampling operatogaiaa
Dirac comb. Unfortunately, this is not the case in real warbgli-
cations, especially since it is generally not possible aeate the
infinite sampling sum with a computer. Therefore, one gdlyera
wants to restrict the investigation to a finite subset of dampg-or
technical reasons one usually chooses a rectangular subilom
Therefore the sampling operator can be split in a zero cethtgub
domain and the surrounding rest as follows:

)

nK = Z 6P (x— jAX)
j=—o0
¥ o
= Z SP(x— jAX) + Z [8°(x = jAX) + 8°(x + jAX)]
=% =341
= IIn(X¥) +En(x), (12)
where we introduced the finite sampling operdihy(x) and the

trans-domain sampling operator (Jordan oper&g(X). The sam-
pled signal on the sub-domain is then given by:

gn(¥) = 9(x) — Ru(¥),

with gn(X) = TIn(X) f(X) and the rest termRy(X) = En(X) f(X). As
demonstrated abowg(x) contains all information to uniquely re-
cover the band-limited signal. Thus, by reducing the seigriad
samples to a finite subset information gets lost and the b@zma

(13)
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not be reconstructed uniquely. This can be easily seen byidfou
analysis.

According to AppendiX’Al the Fourier transform of the finite
sampling operator is given as:

fiy(p) = asina(p). (14)
with the aliased sinc function asig@) being:

sin(E2*(N + 1
asing(p) = M (15)

sin( &)
The aliased sinc function is plotted in figrk 3. It is obvidbat
the Fourier transform of the finite sampling operator is nbirac
comb anymore, though it still exhibits the property of havies-
onance peaks at the repetition length Sampling on a finite do-
main therefore amounts to convolving the Fourier spectrlithe
true continuous signal with the aliased sinc function. Tdpsera-
tion however does not leave the base-band spectrum intadt, a
unlike as in the Sampling theorem, unique recovery of thestlpe
ing signal is not possible anymore. It is also obvious that tduthe
shape of the aliased sinc function the base-band spectriiralwi
ways be &ected by the higher order spectra, which are overlapping
with the baseband. However, low pass filtering will not coetly
eliminate these aliasing contributions but it can allevidem.
Therefore, in general it is not possible to uniquely restore
formation from signals which have been sampled on finite dospa
and interpretations drawn from these sampled signals Withys
be dflicted with some uncertainty.

4 DISCRETIZING THE FOURIER-SPACE

In the previous section we discussed the theory of disénetithe
real-space representation of a continuous signal. We detnaded
that in real world applications due to the finite sampling rapar
the sampling theorem is not applicable anymore in a strictese
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However, discretizing the real-space representationeo$ifnal is
usually not enough for data processing purposes. It cam$tamnce
be easily demonstrated that the Fourier transform of suéscasde
signal is still a continuous function in Fourier-space. ditheless,
especially applications in which FFT techniques are usedire
also discrete Fourier-space representations of the sighetefore,
in the following we will derive a sampling method, designede
used with FFTs.

4.1 FFTs and the Fourier-space representation

FFTs, since they are based on the Fourier-series, requ@rtitic-
tion to be periodic on the observational intertalThis assumes
that the observed signal can be decomposed into eigen-noddes
a resonator with length. This resonator has a ground frequency
of po = 27/L and all other harmonic frequencies can be obtained
by multiplying with an integeip; = poi. Thus, the Fourier domain
observation obtained via an FFT is discrete. It is worth noent
ing, that this discreteness in Fourier-space arises frqutyeny the
FFTs and therefore implicitly assuming the function to beqzkc

on the observational interval. In doing so we introducedcoieé
discretizing process, but this time the Fourier-space isgodis-
cretized. Thus, FFTs should be considered as an additidteal fi
for the true underlying signal.

2r/(AxN) = 2x/L and the mode coupling functidd(A pk — p):
N-1
O(apk—p) = C ) e VIaxiapkn)
j=0
N-1 .
- (ef V=1AX(Apk— p))J

=0
1 — g V-1IAx(Apk-p)N

= é _—
1-e V=1AX(Apk-p)

S iy V-1 Apk-pN _ o= V=15 (Apk-p)N

V=13 (Apk-p) _
sin(%(Apk— p)N)
= Ce VI erk-nN-1 a5ingApk - p).

e V=15 (Apk-p)

& @ V15 (Apk-p) (N-1)

(18)

This immediately demonstrates that the spectral repragentob-
tained by the FFT is a filtered version of the true Fouriergfanm

of the signal. It can be easily seen, that if the true signaleis-
odic on the observational domainthen the convolution with the
filter kernel U (p) vanishes. Hence, in this case we obtain the true
Fourier representation of the signal. However, as natigabss are

in general not periodic on the observational domain theyothe

As a consequence the question arises how the Fourier modesdecomposed in a discrete set of Fourier waves, and hence some

obtained by an FFT of the observed signal are related to thedfo
modes of the true natural signal. This is of special inteireshe
case of cosmological matter power spectrum estimationefmooth-
strate this we will follow the usual ideal approach to disize=a
signal, by first low-pass filtering and then sampling it tadgudsi-
tions. The filtered and gridded signal can then be repreddmyte
9= [ dawaxi-» 1. (16)
whereW(X) is the ideal low-pass filter as given by equatibn] (10).
Applying the FFT as defined in Appendix /A6 yields:

N-1
O = CZQJ g2k
j=0
N-1 0o
e *Zﬂk@f dXWAX | — %) f(X)

= N-1 )
f dpf(p) Z e-hik@f dXWAX j — X) eV TP
_ f dpf(p)Zez’”k

=1 dpf(p)W(p)Zez”Jk

-1

ﬁpAX] fd)(W(X)e V=1px

\/_lpAXJ)

Z

- 5 [ arfmimc (e ion)

z 5
LS

= o [ apfmime Y, (e enn)

j=0
- 5 [ dpfmup O@pk-p).
a7

where we have introduced the Fourier-space lattice inteypa=

Fourier smoothing must be introduce, in order to repregenihon-
periodic function by a periodic function. It is also worthtioing,
that the mode coupling function does not onfieat the amplitude
of certain modes, but also introduces a phase shiftingifathis is
due to the fact, that the FFT applies a window which is noteeat
on the origin to limit the real-space domain. For these nea#tds
not possible to uniquely recover the true Fourier spectmam the
FFT Fourier representation of the signal.

4.2 Sampling in Fourier-space

In the previous section we demonstrated that applying andfiT
more general a DFT to a low pass filtered non-periodic sigieddy

a Fourier representation, which deviates from the true iEouep-
resentation by a convolution with the mode coupling funetixp).
The continuous signal therefore has to be filtered in suchy wa
that its Fourier representation has a discrete spectruim.cin be
achieved by sending the signal through a resonator of lehgth
which dfectively means the convolution with a Dirac comb in real-
space. The proof of this can trivially been shown by making afs
the convolution theorem, and knowing that the Fourier fiamns of
the Dirac comb is again a Dirac comb. We introduce the reatspa
replication operatoFIr(X) as

Mr(x) = > 6°(x— jL),

j=—c0

(19)
with its Fourier transform, according to Appendix (A2), hgi

i s°(p-jap) .

j=—oc0

fia(p) = 27 (20

The replication operator allows us therefore to formulate nec-
essary step of discretizing the Fourier-space represemtaf the

continuous signal, by evaluating the following convoluatio
fr(X) = (Ir o f) (%), (21)

© 2006 RAS, MNRASDOOO,[THI7
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Figure 4. Sampling process of a galaxy distribution. The galaxy itistion displayed in panel a) is low-pass filtered in panedi finally sampled at discrete

positions in panel c).

where fr(X) is the replicated signal in real-space. The according
Fourier space representation then reads:

~ ~ ~ 27 — . ~
fr(p) = IIr(p) f(p) = = > 6° (P~ [ Ap) f(p). (22)

j=—c0

This immediately demonstrates th&y(p) is discrete in Fourier-
space. Forcing a continuous non-periodic function to bégar,
or sending it through a resonator, is a filtering processchwhlis-

cretizes the Fourier space representation. We can nowces{(g)
by the discretized functiofk(p) in equation[(I]) to yield:

8 = 5 [ dpfx(PWPO@PK-p)

=0

% f: OII02_|_ﬂ > 6% (p—1Ap) f(p) W(p) U(Apk—p)

% Z f(lAp)W( Ap) U(Ap(k-1)).

|=—c0

(23)

Note, that the mode coupling function now only depends on two
integers, and therefore is a matrix in discrete Fouriecepahe
mode coupling function is then:

N-1
O@apk=1) = € e VIadpik)
j=0
N-1
= ¢ exvily
j=0
= CNf, (24)
where for the last equality we refer to Appendix]A7.
Using this result in equatiof (R3) then yields:
. CN_ ~
Gc = 1 f(kap) W(kap). (25)

This is a remarkable result. As the ideal low-pass filtép), as
given by equatior{{7), has unity gain in the pass band, it $site
to uniquely recover individual Fourier modes of the true sibgl
continuous and non-periodic signal.

It is therefore clear, that the use of FFT techniques reguae
sample the function twice, once in real-space, and once uniém
space. This can simply be achieved by replicating the coatia
and non-periodic signal and low pass filtering it. Accordiad\p-
pendix[AD the ideal discretization filter kern&(x) would then be
an aliased sinc function:
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Y(x) = %asinqq(x). (26)
This filtering procedure can be accomplished in a two stegrifilg
process, where one first applies the replication operatdrtiaen
the low-pass filter, or vice versa, to the continuous nonepér
signal. From this two step filtering it is also clear that thexist
two parameters to adjust the sampled field. The first paranete
the cut-df frequencypmax Of the low-pass filter, which controls the
real-space resolution, the second parameter is the resdaagth

L which controls the Fourier-space resolution, or the spddianain
under consideration.

4.3 The instrument response function of our computer and
the loss of information

In the previous sections we demonstrated that in order togg
information via FFT techniques on a computer the functios toa
be band limited and discrete in Fourier-space meaning thetifun
has to be periodic on the observational interval and can fe+e
sented by only a finite amount of Fourier waves. As naturaiaig
in general do not obey these requirements processing thendkt
a computer has to be understood as an additional obserabsind
filtering step, which modifies the input data.

Therefore, in order to make inferences from the information
stored on a computer towards the information about a readipaly
observable, one must take into account the systematicslinted
by the sampling process and the use of FFTs or DFTs. The thscre
representation on a computer is only an approximation toebk
continuous signal, and hence cannot represent all prepeastithe
true original physical observable. This will be demonstdahow
by the case of the strictly positive galaxy density field.

In many cosmological applications, like for instance power
spectrum estimation, galaxies are considered to be poitities
represented by a Dirac delta distribution. With this defmita
galaxy distribution consisting d¥1 galaxies can be expressed as:

M

CEDIHCEESE

p=1

@7)

with x, being the position of a galaxy. As can be seen easily this
density field is strictly positive by definition. However @ying the
ideal low pass filter yields:

P = f " dx W(x - X) p(X)
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Figure 5. Ideal sampling scheme a) and two stage supersampling sdijeme

M
= Z W(X - Xp) . (28)
p=1

This can be understood as replacing the Dirac delta disimibiby
the ideal low-pass filter kernel and therefore giving eadbygaethe
shape of a sinc function.

In Figure[4 we display a simple example of a low-pass fil-
tered galaxy distribution with positions, € {-8,-3,-1,0, 1,5} to
be sampled on a grid with grid spacidx = 1. As already sug-
gested above, the low-pass filtering introduces some sepaifal
smoothing due to the finite width of the sinc kernel. Hencey tw
galaxies being closer together than the grid spacing camoe-
solved independently as can be seen in the cases of theemkxi
positionx, = —1 andx, = 0. Another important thing to remark
is that due to the oscillatory nature of the sinc functiow, skiper-
position of sinc functions will lead to positive and negatinter-
ference. This might introduce density peaks at positionsre/mo
peak would be observed in the true natural signal, whichnsate
strated in Figurgl4 at positioxn= —5.5.

As the sinc function is not strictly positive, the low pass fil
tered galaxy density given in equatidn {28) does not posthess
physical property of being strictly positive as the oridinhserv-
able, demonstrated as well by Figlte 4. This property wily dre
restored in the limit of infinite resolution, when the sinmétion
approaches the Dirac delta distribution.

Being a strictly positive density field thereby is a physical
property which cannot be represented by the sampled gakxy d
sity field. This result will also be true for other physicabperties
which will only be recovered in the limit towards infinite mds-
tion.

However, it is worthwhile mentioning that though the galaxy
density field may have negative contributions all integradmtities
like total number of galaxies or total mass, are identicah&oones
which could be obtained by integration over the true natsicaial.
This is due to the fact that the low-pass filter conserves ¢hnetla
Fourier mode of the true natural signal. For this reason #l$®
not possible to fix the negative contributions by cuttingtreevay
or taking the absolute values of the low-pass filtered sigamathis
operations will not conserve the zeroth Fourier mode anctbee
violates conserved quantities like the total number ol fotss of
galaxies.

5 SAMPLING 3D GALAXY DISTRIBUTIONS

In the sections above we examined the theory of discretizomg
tinues signals and demonstrated some of the problems caniting
this approach. For simplicity we discussed only the 1d daseall
results can be extended straight forwardly to the 3d cagkidsec-
tion we will discuss the practical implementation of samglineth-
ods in order to process galaxy distributions via FFT techesq

5.1 Ideal sampling procedure

As already described in sectibn 4.3 a galaxy distribution lba
expressed as a set of point particles. With this definitiod ga8Baxy
distribution consisting oM galaxies can be expressed as:

M
P = 38X~ %), (29)
p=1

wherex;, is the three dimensional position vector of a galaxy. Note,
that assuming a galaxy to be a point particle is a strong.priere-
fore in more general it is possible to allow for the galax@fiave

a shapes(x), which describes the physical extend of a galaxy into
space. The new density fietd(X) is then obtained by simple con-
volution of equation[{29) with the galaxy shag):

M
PN =(s0p) (R =) (X-%), (30)
p=1
However, such a modification of the galaxy shape would only be
necessary if the grid resolution isfaient enough to resolve in-
dividual galaxies and their inner structure, which is nat tisual
case for applications as discussed in this work. Therefaréhe
following a galaxy distribution will always be considereul lie a
set of point particles.

The galaxy distribution as given by equatiénl(29) can be sam-
pled to a grid according to the ideal sampling scheme displédry
Figure[®, which consists of two steps. In the first step thé fig-
quency contributions of the galaxy distribution are eliadgd by
applying the ideal low-pass filter:

M
o =Wop) (R =) WE-X), (31)
p=1
which simply states that the galaxies have been given tifeciait
shape of the 3d sinc functioW/(X). In a following step the low-
pass filtered distribution will be sampled at discrete pos# on
the grid. For practical implementation these two steps wgllally
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Figure 6. Comparison of the real (a) and Fourier-space (b) reprets@mszof the NGP kernel (dashed curve), the CIC kernel (datteve) and the TSC kernel

(dashed dotted curve) to the ideal low-pass filter (solid&ur

be done in one step, by simply convolving the galaxy distriwu
to the discrete gridpoints:

M
on =), WAXM-X;),
p=1

(32

where Ax is the grid spacing and is the triplet of integersi =

i, j, k. The sum in equatiofi (32) describes the ideal sampling proce
dure, which allows to have the best information consereatep-
resentation of the continuous signal in discrete form. Hareas
the ideal low-pass filter kernel extends over all space, tihe aver

all particles has to be evaluated for each individual vokéhe dis-
crete grid, which makes this procedure impractical for reatld
applications.

6 PRACTICAL SAMPLING

Due to the infinite support of the ideal low-pass filter kelineleal-
space the ideal sampling method (by convolving with suchexil
is in general not feasible. For many applications it is cotagon-
ally too expensive. For this reason one usually chooses d@dipra
cal approach by approximating the ideal sampling operatpia
less accurate, but faster calculable sampling operatgs. Bually
means to approximate the low pass filter, by a function witm-co
pact support in real-space. As a result the convolution escalru-
lated faster, for the prize of not completely suppressiegtiasing
power in the stop-bands. Approximating the ideal samplipgra-
tor therefore is always a tradéfdetween accuracy and computa-
tional speed.

In the literature of Digital Signal Processing this problem
is well known and studied for many years already. Especially
the literature of modern 3D computer graphics provides a lot
of practical solutions to the problem of sampling and fitigri
Many very detailed studies about the optimal filter appr@adm
tions have been made, and can be found in the signal pro-
cessing literature_(Theufl et al. 2000; Mitchell & Netradvid88;
Marschner & Lobb 1994; Wolberg 1997).

In the following we will discuss some sampling techniques as
commonly used in cosmology and display their strength arekwe
nesses.
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6.1 Filter Approximation

There are several known practical issues when dealing wién fi
approximation|/(Marschner & Lohb 1994). Using filter or filego-
proximation will in general lead to a variety offects like smooth-
ing ("blurring”), which refers to the removal of rapid vatiens in
the signal by spatial averaging. Or, one will observe a naisiga
of the Fourier-space by applying a filter which has not unijng
at every mode in Fourier-space. In addition, low-pass filtestep
discontinuities will result in oscillations or ringing, gtibefore or
after discontinuities_ (Marschner & Lobb 1994). This is thiblés
phenomenon, and is due to the fact, that step discontiauitithe
signal cannot be represent by a finite superpostion of Foueees.

In cosmology usually the sub-class of separable low-pdss fil
approximations are used (Hockney & Eastwood 1988). Thase fil
obey the relation (Marschner & Labb 1994):

W(X, Y, 2) = Ws(X) Ws(y) Ws(2) , (33)

whereWs(X) is the separated 1D filter kernel. This separation al-
lows for fast computational speed in performing the 3D cdutvon
(Fergusomn 2001).

The simplest filter approximation frequently used in cosmol
ogy is the Nearest Grid Point (NGP) kernel. This zero-ordenél
provides the simplest and fastest interpolation methodafDat al.
2003). Each galaxy in the input data is assigned to the vdltleeo
nearest sample point in the output data. The nearest naighhbeel
is defined as:
W() = { 1 for-05<x<05

otherwise (34)

0

The Fourier response of this kernel is a sinc function which
has a poor localization and pass-band selectivity. Thipgnty typ-
ically leads to low-quality interpolated data with blocgieffects
for signals with high frequency contents like sharp intgngaria-
tions or high noise level as might be expected in samplingyidd
ual point particles (Duan et al. 2003).

Another commonly used filter is the linear filter. This first-
order kernel linearly interpolates between adjacent poaftthe
input data along each dimensian (Duan et al. 2003). It is ddfin
as:

Ws(X) = { é

forO<IX <1
for1<|X

X (35)
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In Cosmology this filter is often referred to as the Cloud irlCe
(CIC) schemel(Hockney & Eastwaod 1988). It is popular for-pre
filtering as it provides a good trad@detween filtering quality
and computational cost (Duan etlal. 2003). Neverthelesgnifis
cant amount of spurious stop-band aliasing componentsncs
to leak into the pass-band, contributing to some aliasingllf&fg
1997).

The next order kernel is the so called Triangular ShapeddClou
(TSC) kernel which is defined as:

0.75- |x? for0<|x <05
Ws(X) ={ 0.5(L5-|x)? for0.5<|x <15 , (36)
0 for L5 < |X|

(Hockney & Eastwoad 1988). This filter kernel has better stop
band behaviour and is therefore usually preferred to thelk@t@el.

This can be seen in Figufé 6 where the Fourier transforms
of the NGP, CIC and the TSC filter kernel are compared to the
ideal low-pass filter. In addition to the stop-band leakafyalldil-
ters they all introduce pass-band attenuation, meaningdher
of the Fourier modes is suppressed by the filter. This is ofiape
relevance in all applications where one is interested inctiveect
spectral representation of the signal, in particular indase of the
matter power spectrum estimation.

This reshaping of the Fourier-space due to the application o
an imperfect low-pass filter can be undone by deconvolvint wi
the Fourier transform of the corresponding filter kernelisTgro-
cedure in fact returns the correct power at most Fourier soae
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7 SUPERSAMPLING

As already pointed out above, correct sampling is in praagien-
erally not feasible, and some approximation must necegdaei
made. However, for most natural signals, like the galaxjridis-
tion, an approximation method can take advantage of thetlatt
signal content generally declines as the frequency ineedkthis
observation resulted in the rule of thumb, that the matteveso
spectrum can be trusted at frequencies bdtoCui et al. 2008).
The most common anti-aliasing technique in 3D computertgrap
ics, supersampling, takes advantage of this by samplingitie
nal at a frequency higher than the desired samplelrate (G488 &
2000). A low-pass filter is then applied to the supersampleistw
attenuates or eliminates the frequency content above shibliceso
that the signal resampled at the target rate exhibits feliesiag
artifacts.

As supersampling methods are very successful in reducing
sampling artifacts in 3D computer graphics, we present aptad
supersampling method to be used in cosmological applitstio

7.1 Super resolution and downsampling

The supersampling method consist of two main steps, thersupe
sampling step, in which the signal is sampled at high resmiut
and the downsampling process, in which the high resolutzon-s
ples are sampled to the target resolution. In our approacmake
use of FFTs to allow for pass-band attenuation correctiahfan

can be seen in Figufd 7, where we demonstrate the power specfast and €icient calculation of the overall supersampling method.

tra obtained after applying these filter approximations tgakaxy
mock catalog created by De Lucia & Blaizot (2007). The lefigla
displays the power spectrum without deconvolving by therfiter-
nel while the right shows the same power spectra but decesstol
by the corresponding Fourier transforms of the filter kesndls

This two stage filtering process is illustrated in Figure kg aon-
sists of the following steps:

(i) supersampling: The continuous signal is sampled to d gri
with a resolutionn times larger than the target resolution. This is

it can be seen in Figuig 7 most of the modes now seem to haveachieved by applying the CIC or TSC method to allow for fast an

correct power, and the fiierent filter approximations agree to each
other at the lower modes. Nevertheless, this procedureaisit en-
hance the aliased contribution leaking into the pass-bagibm,
which will severely &ect the power spectrum towards the highest
Fourier modes. In general all Fourier modes of the samplgpubsi
will be affected by aliasing. However, natural signal Fourier ampli-
tudes tend to dropfbwith higher frequency and therefore the sam-
pled signal Fourier modes will befacted less and less towards the
lower frequencies.

For this reason the power spectrum is usually trusted only up
to Fourier modes ok, = 0.7z N/L (Cui et al. 2008),in cosmology.
Figure[T also demonstrates that the NGP method performsdypoor
and should not be considered to be used in accuracy applisati

Another important thing to remark is that although TSC cou-
ples 3 cells, while CIC only couples only32and therefore has a
broader spatial support, it does not perform much better tha
CIC scheme. This is due to the fact, that the overall ampgitofd
the ideal low-pass filter dropdgfan space, and hence the main con-
tribution of the corrections will come from cells close t@thrigin.

As the amplitude of the ideal low-pass filter decreases hapide-
quires more and more cells to make as strong corrections s we
obtained by only considering the closer cells to the kermigfir
This demonstrates that in order to make further correctiortee
filter approximation, one requires to couple more and molis,ce
while at the same time corrections will be smaller and smalle

efficient computation of the high resolution samples.

(i) downsampling: The high resolution samples are cosgct
for pass-band attenuation and low-pass filtered. The higblue
tion low-pass filtered samples are then resampled at thettesg-
olution.

While the supersampling step is in principle identical te th
method as described in sectibh 6 the downsampling process re
quires some more explanation.

As already described in secti@h 6, using an imperfect filter
approximation usually leads to pass-band attenuationtwias to
be corrected.

This is achieved by applying a FFT to the supersampled sig-
nal, and then dividing by the Fourier transform of the acowd
filter approximation. Reducing the supersampled signdiedinal
resolution requires to low-pass filter the supersamplessantple
them again at lower resolution.

In our approach low-pass filtering and downsampling is done
in one step. The low-pass filter step can easily be achieved in
Fourier-space by discarding all frequencies higher tharivang
threshold. Introducing the ideal low pass-filter in diserBourier-
space as:

e

Nss

1 2n

0

for—(%—l)<k<

37
otherwise ’ ©7)
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Figure 7. Power spectra calculated from a galaxy mock catalog crént&k Lucia & Blaizat (2007) with the threeftierent filter methods NGP (solid line),
CIC (long-dashed line) and TSC (short-dashed line). Pgnaikalays the power spectrum obtained without further gssing, while panel b) demonstrates
the dtect of deconvolving with the filter kernel. In panel c) we shibve power spectrum taken using the supersampling technimefiiterd with CIC kernel
(solid line) and TSC kernel (dashed line) which cannot bémdjsished visually. The vertical line indicates the cali Fourier modek. below which the
spectrum usually is trusted.

with Nss being the number of supersampling cells, yields the low- normalization and apply an inverse FFT to obtain the reatsp
pass filtered supersampled siggahs: representation for the signal.
The interpretation of this process is easy. As the FFT assume
the signal to be periodic and to consist of a finite superjowsibf

— 27er
9 = Z Wi fce i Fourier waves, the resolution of the supersampled sigmakia-
k=~ (@ ) ply be reduced by discarding the high frequency waves, tiagth
Nss a smoother real-space representation of the sampled sigrate-
Zn = . . . Y
~ Ces £ eZanNS—é , (38) sult of this procedure is a sampled signal at target reswlwtihich

is greatly cleaned from aliasingfects.

kz-(%-l) The ability of this supersampling method is demonstrated wi
Figure[J. Here we used a super resolution faater 2 and calcu-
lated the power spectrum from the supersampled signal. Heor t
supersampling step we applied the CIC and the TSC method. As
can be seen in Figufd 7 the two results for CIC and TSC cannot
be distinguished. Also it is worth noticing that the aliasicon-
tribution had been corrected far beyond the usual limit abttr

wheref, is the pass-band attenuation corrected Fourier transform o
the supersampled signal a@gs is the FFT normalization constant
according to the super resolution Fourier transform. Dammding

can now easily be achieved by introducing the number of oflls
the target resolutioNps = Nss/nand usingj = n j’, which simply
results from the fact that the grid spacing of the targetltg®Em

A ; . . ke = 0.77 N/L.
grid isn times smaller than the super resolution grid spacing. In Figure(B we contrast the supersampling method to the TSC
Nps - method by comparing slices through a sampled 3D mock galaxy
g = GCss Z fAk 'knps (39) catalogue in a 500 Mpc box which has been sampled regularly at
k=7(N%71) 128 pixels. At first glance, visually there is not muchfdrence
between the two samples. However, a closer inspection dfigte
Sampling the supersampled and low-pass filtered signaktteti density regions reveals that the density field obtained thighpure
get resolution grid can be done by applying the Kronecketadel TSC method is more blocky, meaning it can have sudden density
functionéjkj, to yield the downsampled signal: jumps from one pixel to the next. In the case of the supersam-
Nos pled density field these high density pixels are surroungguxels
< ok with varying densities. In this way the sharp edges are sefteas
gy = GCss Z fi g™ *ros should be expected by an anti-aliasing technique. Additlgrone
k:-(l'gé-l) can observe, that the filaments are better connected in geeofa
Nos the supersampled density field. This is due to the additisnpér
z Css ¢ 2rjk 2 resolution information which was taken into account in thpes-
= Cos Cos fice™ros (40) sampling process.
N|
k:-(éjé-l)
with Cps being the FFT normalization according to the target res-
olution.
Hence, equation(40) provides an easy prescription for the 8 DISCUSSION AND CONCLUSION
low-pass filtering and downsampling process. Downsamptangy In this work we reviewed and discussed the use of FFT teclkesiqu

be achieved by sorting the Fourier modes of the supersarsjged in cosmological signal processing procedures. As destiibsec-
nal up to the Nyquist mode of the target resolution in theetarg  tion[2 the application of FFTs requires the signal to be digcin
resolution grid in Fourier-space, rescale it to the corfemtirier real and Fourier-space. As natural signals are in genendihcmus
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Figure 8. Comparison of slices through sampled mock galaxy disibbuising the supersampling method (left panel) and thedaranTSC method (right

panel).

in either spaces, they must be approximated by discretet+
sentations with the constrained of conserving as muchrimédtion
of the true natural signal as possible. According to Shalsrtbe-
orem this can be achieved by low-pass filtering and sampliag t
continuous signal at discrete positions.

It is, however, often exactly this leakage of aliasing power
from the stop-band which makes further processing of the- sam
pled signal dfficult. For example estimations of higher-order spec-
tra with FFT techniques will be erroneous due to sampling art
facts. As mentioned in Cui et’al. (2008), so far there is noakmno

However, we also demonstrated that Shannon’s theorem is aapproach to accurately correct for the samplifigats in measur-

necessary but not ficient requirement, for processing a signal
via FFTs or in more general DFTs. The application of FFTs or
DFTs additionally requires the signal to be periodic on artolma
spatial domain, or in other words, the signal must be decempo
able into a finite amount of Fourier waves. Thus, the appbioat
of FFT or DFT techniques implicitely assumes the discreierué
Fourier-space which is generally not given by natural digrighis
introduces an additional filtering procedure for the truettaious
Fourier modes, as shown in sectionl4.1.

In section 4.B we demonstrated that, due to discretizirg, th
physical property of being a positive density field is notaetiéd
by the discretized representation of the continuous gadiéstyibu-
tion. This is due to the convolution with the ideal low-pastefi
kernel which is a sinus cardinal function and thereby noitjves
definite. The loss of physicality is thus an expression ofldlse of
information due to discretizing the continuous signal, hadce is
a fundamental problem of the method itself.

In addition to this fundamental problems, we discussed that
ideal sampling is in general not applicable to real worldybems.

Signal processing in cosmology or any other field is a techno-
logical challenging problem governed by the requiremertauhi-
putational feasibility of the sampling procedure. As ideainpling
is in general computational too expensive to be used forwedt
signal processing applications one usually introducesgass fil-
ter approximations to allow for faster computation for theense
of introducing sampling artifacts like aliasing.

ing higher-order spectra like the bi-spectrum with FFT teéghes.
Also note, that iterative signal reconstruction processééch uti-
lize operations like real-space multiplications, decdutions and
other signal processing operations, may enhance or distribis
false aliased power into regions of the power spectrum fdyme
undfected by aliasing.

The aim for signal processing technologies therefore isib fi
a low-pass filter approximation which fficiently suppresses these
sampling artifacts, while at the same time still being cotapu
tionally far less expensive than the ideal sampling procedihe
Digital Signal Processing literature provides plenty o$gible ap-
proaches (see elg. Smith (2002)) which could be introduzeert
ious cosmological signal processing problems.

Recently many authors presented new methods to reduce
aliasing dfects in cosmological power spectrum estimation due to
imperfect filter approximatioOS) proposes tdesie all
aliasing sum, and additionally uses an iterative scheméhare-
quires a priori knowledge about the true power spectrumpote ¢
rect for the aliasingféects. More recent08) demon-
strated that by using scale functions of the Daubechies letave
transformation as an approximation to the ideal low-pagerfil
aliasing can be greately suppressed. This is achieved tyiat
the filter approximation to extend over a larger support ial-re
space.

Enlarging the spatial support of the low-pass filter kernigll w
lead to a better approximation of the ideal low-pass filtemét,
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by approximating the ideal sinc function closer and clodiessing
can be suppressed below any limit.

This approach is well known in the DSP literature, which
favors the windowed sinc functions as optimal approxinretio
to the ideal low pass filter (TheulBl et al. 2000; Duan ét al.3200
Marschner & Lobb 1994; Smith 2002).

As it tends towards evaluating the sum given in equafioh, (32)
this approach of using filter with greater and greater spstigport
becomes more and more computationally impractical.
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For these reasons we introduced a new supersampling tech-

nique frequently applied as an anti-aliasing techniqueDrc8m-
puter graphics (Wolbellg 1997; Goss & Wu 2000).

As described in sectidn 3.1, aliasing is a result of sampling
more specifically, the lack of a ficient sampling rate.

Supersampling, as the name suggests, solves the aliasing pr
lem by taking more samples than would normally be the cade wit
usual particle assignment schemes as CIC or TSC. By takimg mo
samples at sub-pixels, we are able to more accurately eafitar
details of the natural continuous signal. The target piedli® is
then obtained by averaging the values of the sub-pixel iadube
aliasing edge féects in the signal. Hence, supersampling reduces
aliasing by bandlimiting the input signal and exploiting fact that
the signal content generally declines as the frequenceases.

The supersampled signal still contains artifacts due t@sali
ing, but the artifacts are less prominent as if the signalsaaspled
directly at the target rate. Nevertheless, there are twblenos as-
sociated with supersampling. The first problem is, as ajreaeh-
tioned, that the newly designated Nyquist frequency of thges
resolution samples continues to be fixed (Wolberg 1997).cEen
there will always be diciently higher frequencies that will alias.
The second problem is cost of memary (Wolberg 1997). To sampl
a 3D signal at double resolution requires eight times mormme
ory. On the otherhand, if memory is no issue, the supersampli
method is computationally less expensive than introdueimgxt
order low-pass filter approximation, while at the same time p
viding better aliasing suppression. In addition, the ssgempling
procedure, as proposed in this paper, incorporates paskatieen-
uation corrections, which otherwise would have to be coeafor
in an additional separate step, when applying just a love-filisr
approximation.

This supersampling technique, therefore, can be undetst®o
being complementary to the approach of finding better logs fid
ter approximations. The combination of better filter apjprations
with the supersampling method will naturally increase thaliy
of the sampled signal further.

Nevertheless, the problem of signal processing in cosmyolog
via FFT techniques is a complex one. Beside being subjectrto f
damental issues of discritizing physical quantities, itinfyais a
technological challenging problem, which requires ficeently
apply a low-pass filter to an observed continuous signal. dfie
timal solution for each individual application may also wérom
case to case, as it can be dependent on the individual piepeft
the underlying signal and scientific application (e.g highuaacy
power spectrum estimation).

We therefore believe, that the supersampling method pre-
sented in this paper will be useful for cosmological sigrrakess-
ing, permitting highly accurate power spectrum estimates.

© 2006 RAS, MNRASDOO, [THI7
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APPENDIX A: CONTINUOUS FOURIER
TRANSFORMATION

We define the Fourier transformation as:
f(K) = f f (e **dx

and the according inverse Fourier transform is defined as:

(A1)

f(x) = % f ) f(K)e**dk (A2)

Al Convolution Theorem

The convolution theorem states that a convolution in rpake is
a product in Fourier-space, and a convolution in Fouriercegs a
product in real-space. This can be shown as follows.

Let h(x) be the convolution of (x) with g(x) defined as:

= [ 16)atx-dy. (A3)
Applying the Fourier transforl A1 th(x) yields:
h(k) = f ) h(x)e**dx

= [ 1) [ e*atx-yyayax

= [ty [ e gy

= f0oaK. (A4)

where we substitute witf = x — y and use@All to write the last
line. Hence, a convolution of the functiorigx) and g(x) in real-
space is a product of the respective Fourier transfofig and
9(k) in Fourier-space.

The second part of the prove is analog to the first one pregente
above.

Let h(K) be the convolution of (k) with §(k) defined as:

- 1 ™.
h(k)=2—f f(p) 4k - p)dp. (A5)
T Jow
Applying the inverse Fourier transfolm A2 fn?k) yields:
h(x) = 1 f h(k) €*dk
2n J_o
_ 1 e m ikX Al
- G |0 [ ea-pdpak
1 ® iox A o

— - px K’ x

= @2 Imé f(p)dpfmé g(k)dk

= (X909, (A6)

where we substituted witki = k — p and use@ AR to write the last
line. Hence, a convolution of the functiofgk) andgi(k) in Fourier-
space is a product of the respective inverse Fourier tremsfo(x)
andg(x) in real-space.

A2 Fourier transform of the sampling operator

The sampling functiolI(x) is given as an impulse train:
T(x) = Z 6P (X — mAX) (A7)
m=—co

© 2006 RAS, MNRASDOO, [IHI7
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whereAx is the distance between two sampling positions, or the
sampling interval. Applying the Fourier transfofmJA1 to them-
pling functionII(x) yields:

Z g ikmax
m=-co

As can be easily seen, equation A8 has the form of a Fouriiessser
in fact it is the Fourier series of a Dirac comb except for astant
factor, as we are going to show now. The Fourier series ofiagtier
function f (2) with periodAzis defined as (Lang & Pucker 1998):

K = (A8)

f@= ) Cpe'tim? (A9)
m=—co

with the series cd#cientsCy, being:
1 Az .

Cn=13; . f(29e &Mz, (A10)

As a Dirac comHI(2) is periodic with periodAz, it can be repre-
sented by a Fourier series as:

() = ni 6°(z- mAZ) = Aiz ni gifime, (A11)
With this expression we can exprdsgk) as:
i = p ) et
=, Ps
3 (A12)

= ps ) Pk-mp),
m=—co

where we introduced the periodicity lengthin Fourier-space and
the uncertainty principl@s Ax = 2. Equatiorf A2 shows that the
Fourier transform of a Dirac comb is again a Dirac comb. But it
is important to note that this proof is only valid under thewasp-
tion that the Dirac comb samples at a certain period. As sson a
the sampling intervals of the Dirac comb become non-petitus
proof does not apply any longer.

A3 Fourier transform pair of the ideal low pass filter
The ideal low pass filter is defined by:

1 for |K| < Pmax

Wk = { 0 for [kl > Pmax (AL3)

Applying the inverse Fourier transfolm A2 we yield:

W(X) % f ) W(K) e dk

1 Pmax
= = e*dk
3
1

Pmax
= o (épmaxx _ e—ipmaxx)
Sin(PmaxX)
X

= P singpnar) (A14)
where we have introduced the sinus cardigialgx) = sin(x)/x.
Hence, the real-space representation of the ideal low pesgssia

sinc function.
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A4 Fourier transform of the finite sum sampling operator

The finite sum sampling operator is given as:

N/2
M) = > 8°(x— jAX). (A15)
j=—N/2
Applying the Fourier transforii’/A1 then yields:
R N/2 _ N/2 j
fiy(p)= D e Vpise= 37 (e Vraeag (A16)
j=—N/2 j=—N/2
Using the closed form of the geometric series:
_ aU+1
a"= —— Al7
Z A (AL7)
with a = e V-IP2x L = —_N/2 andU = N/2 yields:
R eﬁpr% _ e—\/jlpr(%Jrl)
On(p) = Vet
1-e V-1pax
e\flp%(ml) _eg V-1p A% (N+1)
- e\/—_lp & e—\/—_lp &
sin(%(N + 1))
sin(5¥)
= asing(p), (A18)

where we have defined the aliased sinc function agpjc =
sin((kAx)/2(N + 1)) / sin((kAx)/2).

A5 Ideal discretization kernel

To discretize the continuous and non-periodic functioneial and
Fourier space, one has to convolve the signal first with tpé-re
cation kernel, and then apply a low-pass filter, or vice versas,
the ideal discretization kernel will be a convolution of titeal
low-pass filter, with the replication operator. This can béten as
follows:

Y(x) = Im dzW(x - 2T1r(2) .

According to the convolution theorem we can express thei€our
transform¥(p) as:

(A19)

¥(p) = W(p)Ir(p)
27w . A
= T 2, (p-iapW(p). (A20)
j=—c0
Applying an inverse Fourier transform then yields:
— D
¥y = LJZ;f &Ps® (p— j Ap) W(p)dp
= = Z di 2Pj(j Ap)
j=—o0
1 M/2 _ j
_ I Z (éApx) , (A21)
L j=—M/2

where we made use of the fact, that the ideal low-pass filtengi
by[AT13 vanishes outside the base-band. One can now use Hegiclo
form of the geometric series given in equatibn (A19) to yield

1 e—ixApM/Z
L 1-exep

_ éxAp(M/2+1)

Y(x) =

Jens Jasche, Francisco S. Kitaura , Torsten A. Enf3lin

1 dxP gixapM/2+3) _ gixak(M/2+3)
L 9_7” g3 _ g
_qsin (x32(M +1))
L sin(x42)
1 .
= Easmq,l (x). (A22)

Thus the ideal discretization kernel is an aliased sinctfandn
real-space.

A6 Discrete Fourier transformation

we define the numerical Fourier transformation as:

Y= C ) xe2 (A23)
j=0

and the inverse Fourier transform

xj=C Z ol e Z s (A24)

k= (?-—1)

The normalization cdicientsC andC are chosen such that they
fulfill the requirement:

1

cC==—. A25
s (A25)
A7 Discrete mode coupling function
Here we proof the equality
N-1 ,
O@ap(-i)=C ) e = Enss, (A26)
k=0

by evaluating the sum. First we discuss the cpsei where we
will consider the sum

N-1 = N-1 o o
kI (i) i —i “1sinZ k(i —i
kZ:(;ez”‘ﬂ‘ kZ:(;cosl\lk(j i)+ \/_15|nNk(J i)

N-1 o N-1 on
1+ ) cosTrk(j—i) + V=1 ) sin k(1)
k=1 k=1

(A27)
By making use of the trigonometric sums:
N-1 N-12
Zcoskx) = sin( : ) _1 (A28)
— 2sin(%) 2
and
e sin(®2x) sin(3 x)
sinkx) = x (A29)
; sin(3)
we yield:
N-1 N-1
= 1+ Zcos%ﬂk(j —i)+ \/—TZsin%ﬂk(i =)
k=1 k=1
) sin(N-3)2(j-i)) 1
- 2sinG(j-i) 2
sin(Na(j - i) sinr(j - i)
V-1 SiE (- 1)
(A30)
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because of sim(j —i)) = 0 for all j andi the last term vanishes,
and we yield

1 sin(2r(j-i)- £(j-1)

T 2v T Zsn@Goy) (A31)

Since the sinus is 2-periodic we can write:
. . . . . . . .

sm(er(J —i)- N(] - |)) = —sm(N(j - |)) (A32)
Using equatiofi’/A3R in equatign AB1 we yield:

o1 sin(FG - i))

2 2sinE(j-1)

1 1
= 5-5° 0. (A33)

Hence, for the cas¢ # i the sum will always be zero. Now we
discuss the casp= i, where the sum yields:

N-1 = N-1

DRI = Y =N, (A34)

k=0 k=0

Hence, we end up with the result:

N-1 . .

Y e N fori=] (A35)
0 fori # j

k=0

Which yields:

N-1 .

DR < N (A36)

k=0

Thus, equatior{ {AZ26) has been proven.

This paper has been typeset fromgXTIATEX file prepared by the
author.
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