Estimating the Mean of a Poisson Population From a Sample Set
Given: y,, i = 1 to N samples from a population believed to have a Poisson distribution
Estimate: the population mean M, (and thus also its variance V)
The standard estimator for a Poisson population mean based on a sample is the unweighted sample

mean y; this is a maximum-likelihood unbiased estimator. The uncertainty of the sample mean,
expressed as a variance, is the sample variance V, divided by M.

Since the parent population is Poisson, its mean and variance are equal, and so both jyrand the sample
variance multiplied by N/(N-1) are unbiased estimators of the population variance V,; this estimator
will de denoted with a circumflex:
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The sample variance ¥, in the asymptotically Gaussian limit is related to chi-square according to
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Where M, has been substituted for V, because the parent population is assumed to be Poisson-
distributed. Since ¥ is proportional to a chi-square random variable with N-1 degrees of freedom,
its own variance is proportional to 2(N-1). The factor scaling the chi-square random variable is M, /N,
so the square of this scales the variance of V. Replacing M, with its estimator y, the uncertainty
variances of ¥, and V, are therefore approximately
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We will investigate averaging these two estimators of the population mean with inverse-variance
weights to obtain a better estimate of the population mean A,. Since the Poisson population has
positive skewness 1/VM,, the sample mean and variance are correlated according to the general rule
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where u, is the third central moment of the parent population. Since the skewness S = u,/a*, and for
a Poisson distribution S = 1/VM, and ¢° = M **, we have u, = M,, and
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Now we take the sample mean and sample estimate of the population variance as two measurements,
z, and z,, of the population mean; these and the corresponding error covariance matrix are
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We apply standard chi-square minimization to evaluate a scalar model z = M, using these two
measurements with correlated errors. The weight matrix is the inverse of the error covariance matrix:
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The chi-square to be minimized is defined as follows.

wm=z-M, uy=2,- M,
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Setting the derivative of chi-square with respect to M, equal to zero yields the following estimator for



M,, which we will indicate with a caret.

a= wy+ 2w, + Wy,
b= wyz + wy(z, + 2,) + Wy, 2,
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Since one feature of Gaussian estimation is the fact that the uncertainty does not depend on the
measured values, we can get a good idea of how much we gain by the averaging of two estimators
for the population mean compared to the single usual estimator, the sample mean. We assume that
the sample mean and variance are not drastically incorrect and substitute the population mean and the
population variance times (N-1)/N for them, respectively, in the expression for 7 above.
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Now we can approximate the uncertainty of the estimator for the population mean:
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This can be compared to the uncertainty of the sample mean, which is the usual estimator for the
population mean all by itself, for any A/, and N. The result is that there is essentially no useful gain
from using the sample-based estimate of the population variance as another estimator of the Poisson
population mean. This can be seen in the following table.
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1.58114 7.07107
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