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ABSTRACT

| investigate the use of Pearson's chi-square statistic, ¢hMaximum Likeli-
hood Ratio statistic for Poisson distributions, and the chsquare-gamma statistic
(Mighell 1999, ApJ, 518, 380) for the determination of the gminess-of- t between
theoretical models and low-count Poisson-distributed dat | demonstrate that
these statistics should not be used to determine the goodsesf- t with data
values of 10 or less.

| modify the chi-square-gamma statistic for the purpose ofrmproving its
goodness-of- t performance. | demonstrate that the modi @ chi-square-gamma
statistic performs (nearly) like an ideal 2 statistic for the determination of
goodness-of- t with low-count data. On average, for corréqtrue) models, the
mean value of modi ed chi-square-gamma statistic is equab tthe number of de-
grees of freedom () and its variance is 2 | like the 2 distribution for degrees
of freedom. Probabilities for modi ed chi-square-gamma galness-of- t values
can be calculated with the incomplete gamma function.

| give a practical demonstration showing how the modi ed chsquare-gamma
statistic can be used in experimental astrophysics by analyng simulated X-ray
observations of a weak point source (S/N 5:2; 40 photons spread over 317
pixels) on a noisy background (0.06 photons per pixel). Acrate estimates (95%
con dence intervals/limits) of the location and intensity of the X-ray point source
are determined.

INOAO is operated by the Association of Universities for Resarch in Astronomy, Inc., under cooperative
agreement with the National Science Foundation.
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1. INTRODUCTION

The goodness-of- t between an observation df data values,x;, with errors, i, and a
model, m;, can be determined by using the standard chi-square statist

2 X Xj m; 2_

(1)

i=1 i

The standard chi-square statistic is the appropriate stasitic to determine the goodness-of- t
whenever the errors can be described by a normal (a.k.a. Gaia) distribution.

Let us consider a more complicated situation where all the tiavalues come from a
pure counting experiment where each measuremfnn;, is a random integer deviate drawn
from a Poisson [1837, p. 205 et seq.) distribution,

k

P: ) 5& (2)
with a mean value of . The use of equation [[1) in analyzing Poisson-distributedala is
technically never correct. While the Poisson distributiorapproaches the normal distribution
as the Poisson mean approaches in nity, a Poisson distribigin never actually becomes a
normal distribution even at very large Poisson mean valuesThe normal distribution is
always symmetric; the coe cient of skewness for the normalistribution is zero. Poisson
distributions are always asymmetric; the coe cient of skewiess for a Poisson distribution of
mean is 2. While the Poisson distribution is almost symmetric about he mean for
large mean values, its shape becomes progressively morerasgtric as the mean approaches
zero. Thus the standard assumption that a Poisson distribidn is approximately normally
distributed is a good approximation only when the coe cientof skewness is negligible (e.g.,

1=2 1)

How does one then determine the goodness-of-t with Poissalistributed data? His-
torically, many 2 statistics have been proposed for the analysis of Poissoistdbuted data.
This paper will investigate the following four:

Pearson's 2:
, X (i my)?
P — (3)
i=1 !
where the expectation value of the mean of the parent Poissalistribution of the ith data
value is assumed to be equal to the Poisson deviate [i = n;] and the square of the

2 For example, X-ray photons, molecules, stars, galaxies, atetera.
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measurement error is assumed to be equal to the mean of the reb&oisson distribution
[ 7= m];

the modi ed Neyman's ?2:
;0 XN (ni my)? 4)
N max(ni; 1)’
where the expectation value of the mean of the parent Poissalistribution of the ith data
value is assumed to be equal to the Poisson deviate [i = n;] and the square of the
measurement error is assumed to be equal to Poisson deviateoe | whichever is greater

[ #=max(n;;1)];
the Maximum Likelihood Ratio statistic for Poisson distritutions:

n.
2.2 m n+nlin — 5
- i i i m, (5)

(see, e.g., Baker & Cousing 1984 and references therein);
and the chi-square-gamma statistic (Mighell 1999; hereaft Paper! ):

){\l . H e - 2
2 [n; +m|nn(irl,11) mil” . (6)

i=1

where the expectation value of the mean of the parent Poissalistribution of the ith data

value is assumed to be equal to the Poisson deviate plus a sharrection factor of zero
for zero deviates and one in all other caseb [ji = n; + min( n;;1)] and the square of the
measurement error is assumed to be equal to the Poisson déwiplus one [? = n; + 1].

he In Papeyl , | dgmonstrated that the application of the standard weightd mean formula,

n .2 =", .2, to determine the weighted mean of datap;, drawn from a Poisson
distribution, will, on average, underestimate the true meaby 1 for all Poisson mean values
larger than 3 when the common assumption is made that the error of théh observation
is = max(IO n;; 1). This small, but statistically signi cant o set, explai ns the long-known
observation that chi-square minimization techniques whic use the modi ed Neyman's 2
statistic [eq. (4)] to compare Poisson-distributed data viih model values,m;, will typically
predict a total number of counts that underestimates the actal total by about 1 count per
bin (see, e.g., Bevingtorj 1969, Wheaton et gl. 1995).

Based on my nding that the weightgd mean of data drawn from;a ﬁé}sson distribp-
tion can be determined using the formula’ ; [n; +min(n;; )] (ni+1) * = . (ny+1) *,
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| proposed that the chi-square-gamma statistic, 2 [eq. ()], should always be used to analyze
Poisson-distributed data in preference to the modi ed Neyman's ? statistic. Following my
own advice, | will not discuss the modi ed Neyman's 2 statistic in the remainder of this
article.

The chi-square distribution for degrees of freedom approaches a Gaussian distribution
with a mean equal to (i.e., ) and a variance equal to 2 (i.e., 2 2 ) as the number
of degrees of freedom approaches in nity. Ideally, a? statistic for Poisson distributions
for (independent) degrees of freedom would exhibit the same l@efor as the number of
degrees of freedom approaches in nitfor all Poisson mean valuegi.e., > 0).

Do the 3, 2, and the ? statistics perform as expected for large Poisson mean val-
ues? These three ? statistics are applied to the same data set in Fig] 1t¢p to bottom
respectively). For this example, an ideal ? statistic for Poisson-distributed data would
have a cumulative distribution similar to that of the chi-square distribution for 10* degrees
of freedom which well approximated as the cumulative distoution function of a Gaussian
distribution with a mean of 10* and a variance of 2 10*. The results of the top and bottom
panels are well matched to the expected cumulative distriltion; the di erences between the
expected and measured mean and rms values are not statistigasigni cant. The 2 and
the 2 statistics perform as expected with a Poisson mean value 0B The cumulative
distribution of the middle panel, however, clearly deviate from the expected cumulative
distribution; the di erence between the expected and meased mean and rms values, while
small, is statistically signi cant. The 2 does not perform like an ideal ? statistic for Pois-
son distributions with a mean value of 100 | a level that is gererally considered to be well
above the low-count regime (< 25).

Let us continue the investigation of the performance of the Bkimum Likelihood Ratio
statistic for Poisson distributions with 1000 samples of fOPoisson deviates with Poisson
mean values of 100, 10, 1, 0.1, and 0.001. Figlife 2 con rms tlthe 2 statistic does not
perform like an ideal 2 statistic in the low-count regime. The average contributin by the
ith deviate to an ideal ? statistic for the analysis of Poisson-distributed data wold be
exactly one and the average contribution to its variance wadd be exactly two. Figure[B
expands the previous analysis dPaperl of the 2 statistic over a wide range of Poisson
mean values from 0.001 to 1000. The dashed lines of Hig. 3 sttbe results for an ideal 2
statistic; one can clearly see that the average contributioto 2 is not equal to one and the
average contribution to its variance is not equal to two for Bisson mean values 10. The
poor performance of the 2 statistic with low-count data may come as a surprise to many
readers since it has historically been advocated as beingeoof the best ? statistics for the
analysis of Poisson-distributed data.

Figﬂ

Fig:ﬂ

Fig:ﬂ
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Chi-square statistics can serve (at least) two distinct pyroses: (1) their functional
forms can be utilized as the core of parameter estimation algthms, and (2) their values
can serve as a measure of the goodness-of- t between a modwl a data set.

While the functional form of the 2 statistic can be successfully utilized for the purpose
of parameter estimation with Poisson-distributed data in e low-count regime (see, e.g.,
Paperl ), the Maximum Likelihood Ratio statistic for Poisson distribtions [eq. ($)] should
not be used to determine the goodness-of- t with low-counatd where the Poisson mean is
<10.

In this work, | investigate the use of Pearson's 2 statistic and the chi-square-gamma
statistic for the determination of the goodness-of- t betveen theoretical models and data
derived from counting experiments. | develop a methodology x2 which modi es Pear-
sons's chi-square statistic for the purpose of improvingstgoodness-of- t performance. This
methodology is then be applied to modify the chi-square-gama statistic (x3). The modi-
ed chi-square-gamma statistic is shown to perform (nearjylike an ideal ?2 statistic for the
determination of goodness-of- t with low-count data. Simlated X-ray images are analyzed
in x4 as a practical demonstration of the possible use of the maatl chi-square-gamma
statistic in experimental astrophysics. The summary of th@aper is presented ir5.

2. THE MODIFIED PEARSON'S 2 STATISTIC

Let us continue the investigation of the performance of Peson's 2 statistic with 1000
samples of 16 Poisson deviates with Poisson mean values of 100, 10, 1, Gahd 0.001.
Figure [ shows that the 2 statistic does not perform like an ideal 2 statistic for Poisson  Fig{]
mean values< 10. The average contribution by theith deviate to an ideal 2 statistic for
the analysis of Poisson-distributed data would be exactlyne and the average contribution
to its variance would be exactly two. Figurg]5 expands the pwéous analysis ofPaperl of  Figf]
Pearson's ? statistic over a wide range of Poisson mean values from 0.0@11000. The
dashed lines of Fig[]5 show the results for an ideaf statistic; one can see that while the
average contribution to 3 is one, the average contribution to its variance is not equdb
two for Poisson mean values 10.

Pearson's 2 statistic [eq. (3)] should not be used to determine the goads-of-t with
low-count data where the mean of the parent Poisson distrttmn is < 10.

The variance of Pearson's ? statistic is, by de nition,

2 0 13,
22 X 4(ni mi)2 @EX\I (nj mj)2A5 ; (7)

o= mi j=1 mj
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where = N M is the number of independent degrees of freedom, N is the nuentof data
values, and M is the number of free parameters. The variancétbe reducedchi-square of a

2 statistic for a large number of observations should ideallge two. In the limit of a large
number of observations of aingle Poisson distribution with a mean value of, the variance

of the reduced chi-square of the Pearson's statistic is
2 2 3

29 Ilm 4 P5

P N1

2 8 2 39,3
im §1 X< m)? ,1X (nj my)°.~= Z
N1 o m; i=1 m; :

"#) 3

. 12X (np my)? 2

4= i i _P 5
4= m;
" #) 3
. 1R (ng my)? . 2
||m 4 — u ||m _P 5
N1 : m; N1

2 ( ) 53

1 5 [see eq. (25) oPaperl ]

1 5 [see eq. (5) oPaper! ]

im 4_—— 7 15 [see eq. (7) oPaperl ]

1
N
+

(8)

If we assume that Pearson's ? applied to a large number of observations of a single
Poisson distribution with a mean value of always produces a normal distribution with a
mean equal to the number of degrees-of-freedom) (see eq. (25) oPaperl ] and a variance
of (2+ 1)[see eq.[(8)], we can then attempt to create an ideaf statistic for the analysis
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of Poisson-distributed data by modifying Pearson's 2 as follows:

2 2 31 3
2 X : 2 2 'O
PM g pi N mi 45— +156 9)
i=1 h 2,i
where ( )2
2 nm
N L 1
Pi m; ( O)
is the contribution of the ith data value to Pearson's 2,
hai 1 (11)
is the expectation value of 2; [see eq. (25) oPaperl ],
hai 2+m? (12)

is the variance ofh 2.i [see eq.[(8)]. Translating the mathematical notation to Enlish, we
have (1) shifted the mean of the standard 2 distribution from times equation (TI1) to zero,
(2) forced the variance of the shifted distribution to be exetly 2 , and then (3) shifted the
mean of the variance-corrected distribution from zero bacto . Thus, by de nition, the
modi ed Pearson's chi-square statistic (2,,) will have a mean value of and a variance of
2 | in the limit of a large number of observations.

Let us now investigate the performance of the modi ed Pearats ? statistic with 1000
samples of 10 Poisson deviates with Poisson mean values of 100, 10, 1, Gahd 0.001.
Figure [ shows that 3, results are signi cantly better than 3 results [Fig.[3] | especially Fig§]
for Poisson mean values less than 10. Figuie 7 investigaté® tperformance of the modied  Figf]
Pearson's ? statistic over a wide range of Poisson mean values from 0.0@11000. The
dashed lines of Fig[]7 show the results for an ideaF statistic; one can see that while the
average contribution to 2, is 1, as expected, and the average contribution to its variae
is equal to 2, as expected, the performance is not uniform fall Poisson mean values | the
spread seen in the variance plothpttom pane) increases as the Poisson mean approaches
zero.

Figures[6 and[[7 indicate the the modi ed Pearson's? statistic works well in the perfect
case where one haa priori knowledge of the true Poisson mean. In a real experiment, the
true mean of the parent Poisson distribution is rarely (if eer) known and model parameters
must be estimated from the observations. How well does the uliced Pearson's 2 statistic
work with reasonable parameter estimates? Comparing Fig.w8ith Fig. f] and Fig. § with Figﬂ
Fig. I, we see that thevariances are signi cantly smallerwhen arealistic model (i.e., the Fig
sample mean) is used instead of perfect model (i.e., the true mean). A statistic that fails
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with reasonable parameter estimates is not a very useful $istic for the analysis of real
observations with low-count data.

The modi ed Pearson's 2 statistic [eq. (9)] should not be used to determine the goes-
of- t with low-count data where the mean of the parent Poisaadistribution is < 10.

3. THE MODIFIED CHI-SQUARE-GAMMA STATISTIC

Let us continue the investigation of the performance of thehé¢square-gamma statistic

with 1000 samples of 1DPoisson deviates with Poisson mean values of 100, 10, 1, @gl
0.001. Figure[IP con rms that the 2 statistic does not perform like an ideal ? statistic in  Fig{o]
the low-count regime. Figurg 11 expands the previous analyof Paperl of the 2 statistic  Figf1]
over a wide range of Poisson mean values from 0.001 to 1000eTR statistic clearly does
not perform like an ideal ? statistic for Poisson mean values: 10.

The chi-square-gamma statistic [eq[](6)] should not be ugeddetermine the goodness-of- t
with low-count data where the mean of the parent Poisson distition is < 10.

The variance of the chi-square-gamma statistic is, by de tion,
2 0 13,
2 X gi+min(n;l) m? o gIX [y +min(ng;l) miP,
n+1 nj + 1 ’

(13)
i=1

where = N M is the number of independent degrees of freedom, N is the nuentof data
values, and M is the number of free parameters. The variancétbe reducedchi-square of a
2 statistic for a large number of observations should ideallge two. In the limit of a large
number of observations of aingle Poisson distribution with a mean value of, the variance

of the reduced chi-square of the chi-square-gamma statcsis
2

j=1

2 li

2=l N 11
2 8 2 39,3
im 21>“<[n +min(ni;1) m® 1% [n +min(n;;1) ]5 z
N i=1 " ni+1 j=1 nj + 1 ;
2 ( . #) 28
lim 4} X [ni + mln( ni, 1) mi]2 _2 5
N1 i:l n+1
. "L#) 28
: 2 2
iim 41 x ¢ [ni +min(n;;1) m] im . 5
NI1 i=1 n+1 N11
- 1 W([n +min(n;;1) mP b )2
— 4 i i i + 5
hIlllrp N M ~— l+e ( 1) [see eq. (29) oPaperl ]
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2 ( ) 23
N . i - 2 h i
= lim 4 N 1 1 [ni + mlr;](.rl,ll) ] 1+e ( 1) 5 [see eq. (18) oPaperl ]
! - i
2 i ) 9,3
g L v memin(n;l) Gim[ ] E: Z
SR T T tre (1,
2 ( ) 23
N . i - 2 h i
= lim 4 N ! 1 [ni + ml:_(Z"ll) ] 1+e ( 1) 5 [see eq. (19) oPaperl ]
! _ ,
: I>%1 Ck+min(k1) P b )2
- , , 5
NIl!gn N 1k:OfNP(k, )g C+ 1 l1+e ( 1)
( . )2
X . 2 h |
_ P(k: ) [k +min(k;1) ] lve (1)
_ k+1
k=0 h i h i
= 3% [E() em In()+4 2 +e 22+2 +1 +e? 2+2 1;(14)
R ¢ R t
where Ei(x) is the exponentjal integral ofx [Ei(x) = teldt= % e-dtforx> 0]
gxonentj . - PG
and gm limnn i % In(n) 0:5772156649 is the Euler-Mascheroni constant.

Equation (I4) approaches the expected value of 2 for large iBson mean values [see the
solid curve in the bottom panel of Fig[T1].

If we assume that chi-square-gamma statistic is applied tolarge number of observations
of a single Poisson distribution with a mean value of always produces a normal distribution
with a mean equal to the number of degrees of freedom) {imes see equation (29) oPaperl
and a variance of times equation [I}#), we can then attempt to create an ideal? statistic
for the analysis of Poisson-distributed data by modifyinghe chi-square-gamma statistic as

follows: 2 > 3 3

2 n o 2 1=2

2 8 2 h 2i 425 +1§ (15)

i=1 h2i
where )

o [ni+min(ni;1)  mi]

- 16
is the contribution of the ith data value to the chi-square gamma statistic,

h2i 1+e™(@m 1) (17)

is the expectation value of 2 [see equation (29) oPaperl ], and

hei  me :i [Ei(m) e In(m;) *4] m{ ,
| |
e™ 2mf+2m;+1 +e?®™ mZ+2m; 1 (18)

m; +
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is the variance ofh 2 i [see equation[(q4)]. Translating the mathematical notatio to English,
we have (1) shifted the mean of the standard?2 distribution from times equation (If) to
zero, (2) forced the variance of the shifted distribution tde exactly 2 , and then (3) shifted
the mean of the variance-corrected distribution from zerodrk to . Thus, by de nition, the
modi ed chi-square statistic statistic ( 2,,) will have a mean value of and a variance of 2
| in the limit of a large number of observations.

Let us now investigate the performance of the modi ed chi-s@re-gamma statistic with
1000 samples of FOPoisson deviates with Poisson mean values of 100, 10, 1, @rig 0.001.
Figure [[2 shows that 2,, results are signi cantly better than the 2 results [Fig. [I0] | Fig]2]
especially for Poisson mean values less than 10. Fig{iré 18estigates the performance of Fig{3]
the ?2,, statistic over a wide range of Poisson mean values from 0.0@11000. The dashed
lines of Fig.[IB show the results for an ideal? statistic; one can see that while the average
contribution to 2, is 1, as expected, and the average contribution to its variae is equal
to 2, as expected, the performance is not uniform for all P@en mean values. The bump
seen in the bottom panel of Fig[ 13 near the Poisson mean valag10 is an artifact caused
by the min(n;; 1) o set in the numerator of the de nition of the chi-squaregamma statistic

[ea. (®)].

Figures[I2 and 13 indicate the the modi ed chi-square-gamnsdatistic works well in the

perfect case where one haspriori knowledge of the true Poisson mean. How well does the
modi ed chi-square-gamma statistic work with reasonablegrameter estimates? Comparing
Fig. [4 with Fig. I3 and Fig.[Ib with Fig.[IB, we see that the redts for the modied 2  rig{4]
statistic with a realistic model (i.e., the sample mean) araearly identicaff to those obtained Fig{5]
with a perfect model (i.e., the true mean).

The modied chi-square-gamma [eq.[(15)] statistic perform (nearly) like an ideal 2
statistic for the determination of the goodness-of- t witHhow-count data. On average, for
a large number of observations, the mean value of,, statistic is equal to the number of
degrees of freedonf ) and its variance is2 | like the 2 distribution for  degrees of
freedom.

3 The measured mean values appearing on the right side of top 3gmels of Fig. are about 1 lower
than the comparable value given in Fig.. This is the resultof losing one degree-of-freedom due to the
determination of the sample mean from the data (i.e., drops from 10000 to 9999). The scrambling caused
by the modi cation of the 2 statistic appears to have caused this expected loss of one giee-of-freedom to
vanish in the very-low-count data regime (< 0:1).
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4. SIMULATED X-RAY IMAGES

| now demonstrate the new modi ed chi-square-gamma statist by using it to study
simulated X-ray images. Cash[(I979) applied hi§ statistic to the problem of determining
the position of a weak source in a X-ray image. Let us use CasHPoint Spread Function
(PSF) but with a resolution of 100 pixels per unit area:

8
< —-@ r) forr 1,
(xy) . 3 (19)
0 forr> 1,
wherer? = (x=10) + (y=10)%. This PSF has the volume integral of
8 " 2 3#
2 r r
6 - — forr 1,
(xy) . 2 3 (20)
1 forr> 1.

Figure [I6 shows a simulated observation of a point source tien intensity of 40 X-ray

photons on a background ux of 0.06 X-ray photons per pixel. Ais observation contains
2786 pixels with 0 photons, 204 pixels with 1 photons, and 10xpls with 2 photons. There
are a total of 56 photons found in the 317 pixels within a radsiof 10 pixels of the center
of the X-ray point source which is located at the X; y) position of (33, 26). This is clearly a

marginal detection of a weak X-ray point source on a noisy bleground; the peak signal-to-
noise ratio ( 5.2) occurs at a radius of 8 pixels.

We will now use the modi ed chi-square-gamma statistic to aswer the following ques-
tions about this X-ray image:

1. Is there an X-ray point source in the image?
2. If so, where is it located?

3. What is its total intensity?

The exact determination of the location and intensity of theX-ray point source in Fig.[1p
is precluded by the fact that this particular observation catains only low-count data | we
must be content with realistic estimates for the location ad intensity based on a detailed
statistical analysis of the data.

Our rst objective is to determine if there is an X-ray point source in the observation.
One way this can be done is to investigate the region(s) coléng non-point-source pixels
(data values). This approach requires knowledge of the bagpiound ux level | which we
will henceforth assume is constant throughout the entire iage. We begin by making a

Fig@
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rough rst estimate of the background ux level by dividing the total number of photon in
the image by the total number of pixels: @747 ( 224=3000) photons per pixel.

The background ux level estimate may be signi cantly impraved with a bit more work.
There are 18 photons in the 317 pixels within 10 pixels of theopition (12; 15) of Fig.[16. Is
the detection of 18 photons consistent with the expected va of 23.6799 (= 00747 317)
photons? The upper and lower 99.9% single-sided con denamits for 18 photons are 35.35
and 7.662, respectively [see Tables 1 and 2 of Gehrels 1986¢onclude that the pixel at
(12; 15) is a background pixel (shown as such with a gray box in Fif.]) because thexpected
number of background photons lies within the range of the ugp and lower 99.9% single-
sided con dence limits of theobservednumber of photons (i.e., 62 236799 3535).
There are 56 photons in the 317 pixels within 10 pixels of theogition (33, 26) of Fig. [I§.
The upper and lower 99.9% single-sided con dence limits f&@6 photons are 83.1784 and
35.6834, respectively [see egs. (10) and (14) of Gehifels@198 conclude that the pixel at
(33;26) is not a background pixel because the expected number of backgrduphotons is
less than the lower 99.9% single-sided con dence limit of éhobserved number of photons
(i.e., 236799< 356834). This conclusion was expected since (2®) is the center of the
X-ray source. The 2676 gray pixels in Fig. 17 have a total of 26hotons. We can now
make a second estimate of the background ux::0605 ( 162=2676) photons per pixel.
Repeating this process once more yields the nal estimate tfe background ux: 0:0601
( 153:2%47) photons per pixel. The measurement error for this estate is approximately
0.0049 ( ~ 153 +1=2547). The nal estimate of the X-ray background ux, Q0601 0:0049,
is in excellent agreement with the true value of 0.06 [see Fifi§].

| conclude that Fig. [I§ has at least one X-ray point source baase the entire data set
is not consistent with a X-ray background ux of 0.0601 photaos per pixelfor every pixel
Assuming that there is only one X-ray source, we can make thest rough estimate of its
location by stating that it probably is located at a non-graypixel location in Fig. [I8. There
are 453 non-background pixels in Fid. 18 with a total of 71 phans. This fact allows us to
restrict the uncertainty of the location of the X-ray point source to about 15% ( 453=3000)
of the total image. Assuming a background ux of 0.06 photonper pixel, we expect that 27
(453 0:06) photons of the total 71 photons found in the non-backgraw pixels would be
due to the background and not the point source. We can now makiee rst rough estimate
of the intensity of the X-ray source: 44 (=71 27) photons.

There are 48 photons in the 317 pixels within 10 pixels of theogition (24; 26) of Fig.
18. Is this photon sum consistent with a model of a 40 photon pt source centered at
that location on a background of 0.06 photons per pixel? The upper and low@5% single-
sided con dence limits for 48 photons is 61.05 and 37.20 ploois, respectively. The model

Fig

Fig
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predicts that we should nd 58.980f photons within a radius of 10 pixels. The 48 photons
found within 10 pixels of (24 26) is consistent with the model (shown as such with a dark-
gray circle in Fig. [IB), because theexpectednumber of photons lies within the range of
the upper and lower 95% single-sided con dence limits of thebservednumber of photons
(i.e., 3720 589802 61:05). There are 217 circled pixels in Fig._18. This fact allows
us to further restrict the uncertainty of the location of the X-ray point source to 7.2%

( 217=3000) of the total image.

Since the peak signal-to-noise ratio occurs near a radiusdpixels, we now investigate if
we can improve our estimate of the location of the X-ray poinsource by considering photon
sums within a smaller aperture with a radius of 8 instead of 1ixels. There are 34 photons
in the 197 pixels within a radius of 8 pixels of the position @ 26) of Fig.[I§. Is this photon
sum consistent with a model of a 40 photon point source cengelr at that location with a
background of 0.06 photons per pixel? The upper and lower 958ingle-sided con dence
limits for 34 photons is 45.27 and 25.01 photons, respecliwe The model predicts that we
should nd 47.2664 photons within a radius of 8 pixels. The 3ghotons found within 8 pixels
of (26; 26) is not consistent with the model since the expected number of phats is greater
than the upper 95% single-sided con dence limit of the obsexd number of photons (i.e.,
472664 > 4527). However, the 39 photons found within 8 pixels of (226) is consistent
with a 40 photon point source centered at (2226) on a background of 0.06 photons per pixel
(i.e., 2933 47.2664 50.94). There are a total of 111 circled pixels in Fig. 19 . This Fig{o]
fact allows us to further restrict the uncertainty of the lo@tion of the X-ray point source to

3.7% (= 111=3000) of the total image.

One way to boost the data out of the low-count regime is to conape the cumulative
radial distribution of the model with the cumulative radial distribution of the data. The
modi ed chi-square-gamma statistic was used to compare tlmimulative radial distribution
of the model (10 1-pixel-wide bins) 10 degrees-of-freedom) with the cumulative radial
distribution of the data (similarly formatted). At the position of (27;26) the value of 2,
for the cumulative radial distributions was computed to be 3.7338 ( 10) for a model
of a 40 photon point source centered at (226) on a background of 0.06 photons per pixel.
The 95th percentage point for the chi-square distribution wth 10 degrees of freedom may
be found in several standard references: 18.@RC Handbook of Chemistry and Physi¢cs

4 These computations only included pixels within an apertureif the center of the pixel was within the
given aperture radius; partial pixels whose center was jusibutside aperture boundary were rejected. The
minimum number we would expect the model to predict is 58.848 [40 + ( 10 0:0600)] photons. The
maximum number we would expect the model to predict is 59.020 [40+ (317 0:0600)] photons. The model
prediction lies within these extremes: 588496< 58:9802< 59:0200.
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Lide & Frederikse[1995, p. A-106), 18.31 (Bevingtdn 1969, §15) and 18.3070 (Abramowitz
& Stegun [I96}, p. 985). | conclude that the image location (226) is within the 95%
con dence interval because the value of the modi ed chi-sgue-gamma statistic is less than
the 95th percentage point for the chi-square distribution #h 10 degrees of freedom (i.e.
137338< 183070). The probability that the observed chi-square valueof a correct model
should be less than a value of? for degrees of freedom iB( 3 ) = P(3; 72) where the
latter function is the incomplete gamma function [P 1  Q; see, e.g., theGAMMBUtine
in Numerical Recipes(Press et al[1986)]. If we assume that?,, is distributed like the 2
distribution, then we can assign a probability for the modied chi-square-gamma value for
10 degrees of freedonP (13:733§10) = P (12; 1373%8) = 0:814517. There is thus a 81.5%
chance that the observed modi ed chi-square-gamma statistwill be less than 13.7338 for
10 degrees of freedom. The contour in Fi§.]19 shows the 95% dence interval of the
X-ray point source based on the 2,, analysis of the cumulative radial distribution of the
data. The value of 2, for the cumulative radial distribution at (26;26) was computed to
be 30.4707 giving a probability of 99.9%; this location in Fig.[1P lies outside the 95%
con dence interval.

We can further use the modi ed chi-square-gamma statistic #h the cumulative radial
distribution to determine the 95% con dence limits of the iniensity of the X-ray source
in the image (see Fig[30 ). The upper and lower single-side&% con dence limits for  Figfo]
the intensity of an X-ray point source at (3326) in Fig. [I§ is 54.5 and 28.0, respectively.
The true intensity of the X-ray source is 40 photons. Given adzkground ux uncertainty
of g = 0:0049 photons per pixel (see above), we can approximate theetwetical rms
meagurement error for a 40 photon point source spread over73fiixels (A = 317 px?) as

40+1+ A g 80 photons. The di erence between the upper and lower 95% siag
sided con dence limits is approximately 3.3 standard devieons of the normal probability
function. This fact can be used to approximate an rms measurent error for our intensity
estimate of 80 [ (545 280)=(2 1.65)] photons. The 2, analysis using the
cumulative radial distribution has yielded an excellent itensity estimate.

The analysis presented in Figurep 19 ar{d]20 is predicated dmetassumption that the
modi ed chi-square-gamma statistic is distributed like 2. But is this assumption valid?
Figure [21 shows that the analysis of ¥Osimulated X-ray observations like Fig[l6 yields Figf1]
modi ed chi-square-gamma values that are distributed likehe chi-square distribution for

317 degrees of freedom: a Gaussian distribution with a meah oand a variance of
2 . The above analysis has assumed that the probability that # observed modi ed chi-
square-gamma value for a correct model should be less thanaue of 2 for degrees of
freedom can be given aB( 2,,j ). Assuming that the predicted probability from P( 2,j )
is an accurate prediction of the true probability, then thepredicted probability of the 9500th
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simulated observation of a total of 10000 (sorted by?,, value) should be very close to 95%;
Fig. P2 indicates that this is indeed the case (i.e., the pralbility for the 2, value of the
9500th simulated observation is 94.8666%). Sincé,, statistic is distributed (nearly) like
the 2 distribution, the usage of the incomplete gamma function tgredict probabilities for
modi ed chi-square-gamma values appears to be justi ed inrpctical analysis problems.

5. SUMMARY

| investigated the use of Pearson's chi-square statisticqe(@)], the Maximum Likeli-
hood Ratio statistic for Poisson distributions [eq. [(5)], ad the chi-square-gamma statistic
[eq. (§)] for the determination of the goodness-of- t betwen theoretical models and low-
count Poisson-distributed data. | concluded that none of tbse statistics should be used to
determine the goodness-of- t with data values of 10 or less.

| modi ed Pearson's chi-square statistic for the purpose amproving its goodness-of- t
performance. | demonstrated that modi ed Pearson's 2 statistic [eq. (@)] works well in
the perfect case where one haes priori knowledge of the correct (true) model. In a real
experiment, however, the true mean of the parent Poisson thbution is rarely (if ever)
known and model parameters must be estimated from the obsations. | demonstrated
that the modi ed Pearson's 2 statistic has a variance that is signi cantly smaller than hat

of the 2 distribution when realistic models, de ned as having parameters estimated from

the observational data, are compared with Poisson-distrilted data. Any statistic that fails
with models based on reasonable parameter estimates is noteay practical statistic for the
analysis of astrophysical observations. | concluded thahé modi ed Pearson's ? statistic
should not be used to determine the goodness-of- t with loweunt data values of 10 or less.

I modi ed the chi-square-gamma statistic for the purpose oimproving its goodness-
of- t performance. | demonstrated that the modi ed chi-square-gamma statistic [eq. [(T5)]
performs (nearly) like an ideal ? statistic for the determination of goodness-of-t with
low-count data. On average, for correct (true) models, the ean value of the modi ed chi-
square-gamma statistic is equal to the number of degrees oédddom () and its variance is
2 | like the 2 distribution for degrees of freedom.

An ideal 2 statistic for the determination of goodness-of- t with lowcount data should
fail in a predictable manner. Hypothesis testing of low-count Reson-distributed data with
the modi ed Pearson's ? statistic will produce the peculiar and undesirable resulthat
correct models are more likely to be rejected than realistimodels [cf. Fig[p with Fig.[8].
The modi ed chi-square-gamma statistic is gractical statistic to use for hypothesis testing

Fig
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of astrophysical data from counting experiments becausegerforms (nearly) like an ideal 2
statistic for realistic and correct models in the low-countand the high-count data regimes;
accurate and believable probabilities for 2,, goodness-of- t values can be calculated with
the incomplete gamma function [Figs[ 21 anfl P2]. A lot of nothg can tell you something
| as long as there are someobservations with signal in them.

Vincent Eke sent me an e-mail asking if | had an expression ftive variance of the 2
statistic which described the mysterious second hump of trsolid curve of Fig. 3 ofPaperl .
After a rapid exchange of email with me over the period of a wieehe was the rst to derive
an analytical formula for 2,_, [eq. (I4)]. The knowledge that the variance of 2 could in
fact be expressed explicitly as an analytical expressionried out to be the breakthrough
that | had needed in order to complete the development of the mdli ed 2 statistic. It is a
pleasure to acknowledge his contribution to this research.

I would like to thank Mike Merrill for the use of his copy ofMathematica which | used
to check some of the arithmetic of the critical last step in th derivation of Eq. (I#).

Special thanks are due to Mary Guerrieri, the NOAO librarianwho has greatly facili-
tated this research e ort by nding and securing loans for may a quaint and curious volume
of forgotten lore.
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Fig. 1.] A simulated data set of 1000 samples (\observations) of 10* Poisson deviates
(\measurements") per sample was created assuming a meanu@l 100 for each Poisson
deviate. Each sample in this data set was then analyzed usifparson's ? statistic [top;
de nition: eq. (§)], the Maximum Likelihood Ratio statisti c for Poisson distributions fnid-
dle; de nition: eq. (§)], and the chi-square-gamma statisticfjottom; de nition: eq. (§)]. The
model of theith deviate in each sample was set to the true mean value of patePoisson
distribution (i.e., m; = 100) and the number of independent degrees-of-freedom was
therefore equal to the number of deviates per sample (i.e. 10%). Compare the cumula-
tive distribution for each statistic with the cumulative distribution function of a Gaussian
distribution with a mean of 10* and a variance of 2 10* [thick curve in each panel]. The
number and error shown on the right side of each panel is the areand rms value of the
1000 samples shown in that panel; ideally these values shibble about 10000 1414 .
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Fig. 2.| The cumulative distribution functions for 1000 samples of 18 Poisson deviates
(top to bottom 100 160, 1;0:1, and 0.01) analyzed using the Maximum Likelihood Ratio
statistic for Poisson distributions [de nition: eq. ()]. In all cases, 10* and m; was set to

the true mean value of the data set. Other details as in Fid] 1.
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distributions. The dashed lineshows the ideal value of oneBottom panel: The variance of
the reduced chi-square values shown in the top panel. Tlkashed lineshows the ideal value
of two.



BOPR.44 143.0;-

G ] 1
1 T
o o
E-
gI
g g
- 0 A
Ui ™11
o -
- 5
@ S
2 @3
3 g
=5 0 -
51 T 1.1
o
(4

2087, 72360

G ] [ | [ i ] ! ' ] i i [ | i I E i E i i
i ul I ¥ 1 ¥ ! 1 1] 1 ’ | ] 1 1 I 1 | | | !ﬁ;l
C 6= 001
i s
L ! -
: Xeww &
GE E [ ] E 1 E ‘ k| E 1 i E 1 1 I k| '] k| ;'F

9800 9800 10000 10200 10400
chi—-square
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(top to bottom 10Q 1C; 1; 0:1, and 0.01) analyzed using Pearson's statistic [de nition:
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Fig. 10.] The cumulative distribution functions for 1000 samples of 18 Poisson deviates
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Fig. 12.] The cumulative distribution functions for 1000 samples of 18 Poisson deviates
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The simulated X-ray observation. A 40 photon X-ray point source is located at

Fig. 16.]

3)[1 min(r; 1)] wherer? = (x=10) + (y=10). This is the same

PSF used by Cash([(1979) but with a resolution of 100 pixels panit area.

(

the (x;y) position of (33 26) on a background of 0.06 photons per pixel. The Point Spreéa

Function is  (x;y)



{35

Fig. 17.| Gray boxesindicate pixels with a total number of photons within a radits of 10

pixels that are consistent (within the 99.9% upper and lowesingle-sided con dence limits of
the observed photon total) with the estimated background w« level of 0.0747 photons per
pixel. The X marks the center of the X-ray point source and thelotted circle has a radius

of 10 pixels which is the maximum size of the PSF. Other detailas in Fig.[Ip.
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Fig. 18.| Gray boxedndicate the pixels with a total number of photons within a ralius of
10 pixels that are consistent (within the 99.9% upper and logv single-sided con dence limits
of the observed photon total) with the true background ux level of 0.06photons per pixel.
Dark-gray circlesindicate the pixels with a total number of photons within a ralius of 10
pixels that are consistent (within the 95%upper and lower single-sided con dence limits of
the observed photon total) with the model of a 40 photon poinsourceat that pixel location
on a background of 0.06 photons per pixel. Other details as kg. 17.
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Fig. 19.| Dark-gray circlesindicate the pixels with a total number of photons within a
radius of 8 pixelsthat are consistent (within the 95% upper and lower singleided con dence
limits of the observed photon total) with the model of a 40 phton point source at that pixel

location on a background of 0.06 photons per pixel. All pixelwithin the solid black contour
are within the 95% con dence intervalas determined by the 2,, analysis of the cumulative
radial distribution of the data within 10 pixels is comparedwith the cumulative radial

distribution of a model of a 40 photon point source at that piel location on a background
of 0.06 photons per pixel. Note how well the 95% con dence &tval of the 2,, analysis of
the cumulative radial distribution matches the region desibed by the circled pixels. Other
details as in Fig. 18.
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Fig. 20.] The photon distribution of the 317 pixels within a r adius of 10 pixels of
the location (33 26) of Fig. 16 was transformed to a cumulative radial distribtion (10
1-pixel-wide bins) 10 degrees-of-freedom) and then compared, using the modi €hi-
square-gamma statistic, with 80 models of the observatiom 1 to 80 photon (in steps of 1
photon) X-ray point source at (3326) on a background of 0.06 photons per pixel (i.e., the
true background). The 95th percentage point for the chi-sque distribution with 10 degrees
of freedom is 18.31 [i.eP(18:31j10) = 0:95]. Assuming that 2,, is distributed like 2, we
see that the upper and lower single-sided 95% con dence lisifor the intensity of an X-ray
point source at (3326) in Fig. 16 is 54.5 and 28.0, respectively. The true inteitg of the
X-ray source is 40 photons.
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Fig. 21.| A data set of 10 * realizations of the the same model used to make Fig. 16 was

created. Each sample in this data set was then analyzed usitig modi ed chi-square-gamma

statistic at the location (33; 26) { the true location of the simulated X-ray point source o#0

photons on a background of 0.06 photons per pixel. All 317 ibs within a radius of 10 pixels

(the size of the PSF) were compared to the true model value atat location and the number

of independent degrees-of-freedom was therefore equallie humber of pixels analyzed (i.e.
317). Compare the cumulative distribution with the cumylatve distribution function of

a Gaussian distribution with a mean of 317 and a variance of2 317 ( 25:2) [thick curvd.

The numbers with errors shown on the right side give the meamd rms value for the 2,

(top) and ideal 2 (bottom) statistics.
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Fig. 22.| The 10 # simulations of Fig. 21 were sorted by the value of the modi edhi-
square-gamma statistic. Thedark plot shows the probablity P( 2,j317) as a function of
the sorted ?2,, values. Thegray plot on the bottom shows the residuals from the ideal
one-to-one correspondance. Theredicted probabilities for the 9000th, 9500th, and 9900th
sorted simulations were 90.2069%, 94.8666%, and 98.949%#ich agrees very well with the
expectedprobabilities of 90%, 95%, and 99%, respectively. For the t;e simulation, the
mean and rms value of the resiuals is:@013 0:0038 percentage points | note that the
residuals never exceeds 1 percent. Figures 21 and 22 indictitat the assumption that the
2,, statistic is distributed like the 2 distribution was valid.



