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Improved probability method for estimating signal in the presence of background

Byron P. Roe
Department of Physics, University of Michigan, Ann Arbor, Michigan 48109

Michael B. Woodroofe
Departments of Mathematics and Satistics, University of Michigan, Ann Arbor, Michigan 48109
(Receivedl8 Decemberl998; publishedd August1999

A suggestioris madefor improving the Feldman-Cousinsnethodof estimatingsignal countsin the pres-
enceof backgroundThe methodconcentratesn finding essentiainformation aboutthe signalandignoring
extraneousnformation aboutbackground An appropriatemethodis found which usesthe conditionthat the
numberof backgroundeventsobtaineddoesnot exceedhetotal numberof eventsobtained Severaklternative

approachesre explored.[S0556-282(199)02717-4
PACSnumbefs): 14.60.Pq06.20.Dk

I. INTRODUCTION

Feldmanand Cousins[1], in a recentarticle, have made
major advancesowardssolving two long-standingoroblems
concerningthe useof confidenceevelsfor estimatinga pa-
rameterfrom data.The first of theseis eliminating the bias
that occurswhen one decidesbetweenusing a confidence
interval or a confidencebound,afterexaminingthe data.The
seconds finding a confidencanterval whenthe experimen-
tal resultproducesestimatorghatarecloseto or pastknown
boundsfor the parametersf interest.Feldmanand Cousins’
methodis calledthe unified approach belowandis described
in Sec.ll. In the presentpaperwe arguethat the unified
approachdoesnot make quite enoughof an allowancefor
the known boundsand suggesta modification. The modifi-
cation is illustrated with the KARMEN 2 Data[2], where
preciselythis problemhasarisen.The KARMEN group has
beensearchingor a neutrinooscillationsignalreportedby a
Liquid Scintillating Neutrino Detector (LSND) experiment
[3]. As of Summer1998, they had expectedto see 2.88
+0.13 backgroundeventsand 1.0— 1.5 signal events,if the
LSND resultswerereal, but had seenno events.From their
analysis,they claimedto almostexcludethe effect claimed
by the LSND experiment.

To be specificrecallthatthe Poissordensitywith meanu
is

1
(k)= o e M

for k=0,1,2 ..., and let P, denotethe correspondinglis-

tribution function, P,(k)=p,(0)+---+p,(k). Suppose
that backgroundradiationis addedto a signal producinga

total observedcount, n say, that follows a Poissondistribu-

tion with meanb+ \. Here the backgroundand signal are
assumedo be independenPoissonrandomvariables,with

meangsh and\ respectivelyWhatareappropriateconfidence
intervalsfor A if no eventsare observed(n=0) or, more
generally,if nis smallerthanb? For n=0 anda 90% con-

fidencelevel, the unified intervalsall haveleft endpointsat

A =0, while the right end points decreasdrom 2.44 when

b=0 to 0.98whenb=5. Thesearethe right answerswithin

the formulation of the unified approach.
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The formulation is suspecthowever,becausehe confi-
denceintervalsshouldnot dependon b whenn=0. Forif no
eventsare observed,then both the signal and background
radiation must have beenzero. It is asif two independent
experimentswere performed,one for the backgroundand
one for the signal. The fact that there were no background
eventsmay be interestingbut it is not directly relevantto
inferenceabout\ oncethe signalis known,andcertainlythe
a priori expectationb of the backgroundradiationis irrel-
evantwhenoneknowsthatthe actualbackgroundvasO. In
this case the confidencantervalfor N shouldbe the sameas
if onehadobserveda signal of strengthO—either2.44using
the unified approachor 2.30 using an upper confidence
bound.Statisticianshavea namefor situationslike this one.
The backgroundadiationis calledanancillary variable, be-
causeits distribution doesnot dependon unknown param-
eters,andconventionaktatisticalwisdomcallsfor condition-
ing on ancillary variableswhenpossiblg 4]. Thatis whatwe
just did, sinceconditioningon no backgroundeventsleaves
n asthe signal.

Our modificationdoesnot dependon b whenn=0. It is
describedn Sec.ll, whereit is comparedo the unmodified
procedureForthe KARMEN 2 datathe modifiedconfidence
region is substantiallylarger than the unmodified one and
overlapsthe major portion of the LSND region. The modifi-
cation is comparedto a Bayesiansolutionin Sec.lV and
shownto agreewith it quite well, especiallyfor low counts.
Some other possiblemodificationsare discussedbriefly in
Sec.lll. Giunti [5] hasalso proposeda modificationof the
unified approachandappliedit to the KARMEN 2 data.Our
approachis contrastedvith his in Sec.lIl.

I1. IMPROVED METHOD

It is not trivial to generalizethe methodjust describedo
the caseof non-zerocountsn thatmay be smallcomparedo
the expectedbackgroundadiation.For if n>0, thenit is no
longer possibleto recoverthe backgroundand signal. The
key to our modificationis to rememberthat a confidence
interval consistsof valuesof the parametetthat are consis-
tentwith the data(thatis, are not rejectedby an hypothesis
test whose significancelevel is one minus the confidence
level). Thisis alsothe approachtakenby FeldmanandCous-
ins. Supposefor example that the expectedbackgrounda-
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diationis b= 3 butthatonly oneeventis observedn=1).Is
A\ =2 inconsistenwith this observation®rom one point of
view it is. If A =2, thenthe probability of observingat most
oneeventis e °+5e~°=6e °=.040,whichis lessthanthe
usuallevels of significance.On the other hand,if only one
eventis observed,then there can have been at most one
backgroundevent,andthis informationshouldbeincludedin
assessingsignificance.For the probability of at most one
backgroundevent, e 3+3e 3=4e"3=.199, is not large,
andif the statemend =2 is regardedasan hypothesisthen
it seemsunfair to include lower than expectedbackground
radiationasevidenceagainstit. Theway to removethe effect
of the low backgroundradiationis to computethe condi-
tional probability of at mostone event(total), given at most
one backgroundevent. The latter is 6e~%/4e~3=1.5xe 2
=.203,whichis notlessthanthe usuallevelsof significance.
Somenotationis requiredto adaptthis reasoningto the
unified approachThe likelihood function in the signal plus
backgroundproblemis Ly(\|n)=py+,(N), wheren is the

observed count. Following Feldman and Cousins, let A
=maq{0,n—b] denotethe maximumlikelihood estimatorof
\ andlet

:Lb()\|n)
Lp(A|n)

Rp(\.n) )

bethelikelihood ratio statisticfor testingh. Thenthe unified
approachconsists of taking those A for which R(A,n)
=c(N\), wherec(\) is thelargestvalue of ¢ for which

Po+r(K)=a ©)

k:Rp(N.K)<c

and 1— « is the desiredconfidencdevel. In words, the left
sideof Eq. (3) is the probability that R,(\,n)<c, alevel «
generalizedikelihood ratio test[6] rejectsthe hypothesis\
=g if Ry(Ng,n)<c()\g), andthe unified confidencenter-
vals consistof those\ thatarenotrejected.The modification
suggestedhere consistsof replacingpy, (k) by the condi-
tional probability of exactly k eventstotal given at mostn
backgroundevents.The latter is

Po+ 1 (K)/Py(n)

n

3 polipatk=i)IPy(n) it kn,

if k<n,

Ap (k) = (4)

sincek total eventsimply at mostn backgroundeventswhen
k=n. Let ~R't]()\,k) denotethelikelihood ratio obtainedusing
apA(K). i.e., RV K) =p , (K)/max,qp , (K). LetC,()) be
the largestvalue of ¢ for which

Y agp(k=a. (5)

k:Rp(A k) <c

Thenthe modifiedconfidencanterval consistsof those\ for
which R)(A,n)=¢,()).
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FIG. 1. The90% C.L. regionfor an unknownPoissonsignal\
in thepresencef a Poissorbackground= 3. Thedashedinesand
solid lines correspondto the unified approachand the modified
approachyrespectively.

The modified and original unified approachesare com-
paredin Fig. 1 for the specialcaseb=3 andn=0, .. .,15.
Observehatthe modifiedintervalsarewider for smalln and
thatthereis not muchdifferencefor largen. The latterresult
is to be expectedsincethereis not muchdifferencebetween
Op,, andpy., for largen. In the caseof smalln, the ratio-
nale for the modificationis asabove.If n is smallerthanb,
thentherewaslessbackgroundadiationthan expectedand
this information should be usedin assessingsignificance.
Observefurther that the modificationdoesnot dependon b
whenn=0, becausquA doesnot dependon b.

For the KARMEN 2 data,b=2.88+0.13andn=0. At
the 90% confidencelevel, the unified approachleadsto 0
<\ =<1.08, and the modified interval leadsto 0=\ =<2.42.
As above valuesof A betweenl.08and2.42arefoundto be
inconsistentith the databy the unified approachbput thisis
due to lower than expectedbackgroundradiation, and the
inconsistencydisappearsafter adjustingfor the low back-
groundradiation.On the basisof thesedata,it is not reason-
ableto excludethe possibility of signal.

To be complete(and fair) Feldmanand Cousinswere
awareof the problemwith small counts.For suchcasesthey
suggestedeporting the averageupper limit that would be
obtainedby an ensembleof experimentswith the expected
backgroundand no true signal, along with the intervalsfor
the observed. The conceptualifferencebetweerour inter-
vals andthe unified methodis that our confidencdevelsare
conditionaland, therefore,refer to a different ensembleln
generalterms,the mainreasorfor conditioningis to obtaina
model that describeghe experimentperformedmore accu-
rately. The price paid for the moreaccuratemodelis oftena
loss of power or longer confidenceintervals,and the effect
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TABLE |I. Comparisorof confidencdevelsfor the unified, modifiedunified, Bayesianandnew ordering

approacheslescribechere,for b= 3.

Unified Modified Bayesian New Ord.

n (observed Lower Upper Lower Upper Lower Upper Lower Upper
0 0.0 1.08 0.0 2.42 0.0 2.30 0.0 1.86
1 0.0 1.88 0.0 2.94 0.0 2.84 0.0 2.49
2 0.0 3.04 0.0 3.74 0.0 3.52 0.0 3.60
3 0.0 4.42 0.0 4.78 0.0 4.36 0.0 4.86
4 0.0 5.60 0.0 6.00 0.0 5.34 0.0 5.80
5 0.0 6.99 0.0 7.26 0.0 6.44 0.0 7.21
6 0.15 8.47 0.42 8.40 0.0 7.60 0.28 8.65
7 0.89 9.53 0.96 9.56 0.55 9.18 1.02 9.68
8 151 11.0 1.52 11.0 1.20 10.59 1.78 11.2
9 1.88 12.3 1.88 12.22 1.90 11.91 2.49 12.4
10 2.63 13.5 2.64 13.46 2.63 13.19 3.10 13.7

canbe large,asin the KARMEN data.Of course,poweris
important,butit is anillusion if the modeldoesnot describe
the experimentwell.

The readermay be familiar with conditioningin the con-
text of contingencytableswhensomeof the row and/orcol-
umn totals are fixed, haveknown distributions,or havedis-
tributions that only dependon nuisanceparametersin such
casest is appropriateto condition on the known totals,and
this affectsthe distribution of testsstatisticsand estimators.
Fisher'sexacttestprovidesa specificexample SeeLehmann
[7] for a derivation of the exacttest and Berkson[8] for
criticisms, including a discussionof power loss. Other rea-
sonsfor conditioningarisewhenthe precisionwith which an
experimentwas doneis observedas part of the outcome.In
the casen=0, our use of conditioning is consistentwith
theseprecedentsin the casen>0, however,our useof con-
ditioning goesbeyondtheseestablishedrecedentbecause
we conditionon an observedoundfor anancillary variable,
not the exactvalue.Our reasondor conditioning,illustrated
by the numericalexamplewith n=1 above,are consistent
with the precedentsTo summarizethesereasonsit seems
unwiseto regardlower than expectedbackgroundradiation
asevidenceagainsta value of \.

I11. OTHER POSSIBLE MODIFICATIONS

The rationalegiven for the modificationin Sec.Il could
also havebeenusedto supportother modifications.We de-
scribethesebriefly here and explain our preferencefor the
one describedn Sec.ll. We also contrastour modification
with that of Giunti.

The modificationdescribedn Sec.ll replacespy,\ with
qg’x in the derivation of the unified approachthusreplacing
Re(M.K) by RE(AK)=af ,(K)/max.q), () in Eq. (2) and
replacing Eq. (3) by Eg. (5). An alternative modification
would beto keepthe unified approactcriterion R,(\,n) but
calibratethe associatedestsdifferently, by replacingpy
with qQ,A in Eq. (3) and,therefore,c(\) with c,(\) (except
that R not R is used. We have exploredthis approachand
found it to be very similar to the one presentedIt hasthe

disadvantagé¢hat the limits for n=0 are slightly dependent
on b.

Our approachmay be contrastedwith that of Giunti [5],
who has suggesteda different modification of the unified
approach,called the new ordering approach. His physical
argumentsarealongsimilar linesto ours.However,in details
his approacHhdiffers. In the new orderingapproachRy(\,n)
is replacedby RYC(A,n)=p, 4p(N)/prnosp(n) in Eq. (3),
whereNO is the Bayes’ estimateof \ for a uniform prior.
(We shall describethe Bayes' approachfurther in the next
section) The calibrationthen proceedsasin Eq. (3), using
Py (K). The resultingintervals are shorterthan ours, but
dependon b whenn=0. Amusingly, our intervalsarecloser
to the Bayesianintervals than are Giunti’s intervals, even
thoughour approachs entirely frequentist.SeeTablel.

In Eq. (4),

h _ Poa(N)
Opa(N)= Py (6)

is the conditionalprobability of n events(total) givenat most
n backgroundevents.This is a very intuitive quantity but,
unfortunately,is not a densityin n, sincePy(n)<1 for all n
and, therefore, 2| _o0p ,(N)> 2 _oPp+,(n)=1. Of course,
dp,(n) could be renormalizedby x(\):=%;_,qp ,(n), and
theresultingratio qg'x(n)/K()\) would be a density,but be-
causex is a function of \, this densitylacks the initiative
appealof gy, , sincethe definition of the experimenfroduc-
ing this densitybecomeaunclear.

A closelyrelatedquantityis the conditionalprobability of
at mostn eventstotal, given at mostn backgroundevents:

Ppa(n)

Di (M) = —p @)

It is not obvious,but Dy, \(n) is a distributionfunctionin n
for reasons explained below. Let dy,(n)=Dy,(n)
—Dyp(n—1) denotethe correspondingdensity. Still an-
other alternativeis to replacepy., by dy, in the unified
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approachThistoo led to a procedurghatwasmore compli-
catedand no more efficient than the modificationdescribed
in Sec.ll.

To seethat Dy, ,(n) is a distribution function in n, first
observethat lim,_,..Dy \(n) =1im,_,.. Py (n)/Py(n)=1/1
=1. Soit sufficesto showthatDy, ,(n) is nondecreasingn
n. For this, note that, after somemanipulation,d, ,(n) can
be written in either of the following forms for n>0:

n—-1

E Pr+b(K)
Ao (M =0, () — = LU

E Po(i) E poli)

n—1
po(N) go Po(K)
=q3,)\(n) 1 n—1 . (8
Pr+b(N) JZO Pr+b())

Dy, (n) will be anondecreasinfunction of n if the correc-
tion termin the secondexpressioraboveis always<1. Us-
ing the fact that theseare Poissondistributions,

n—-1
po(n) /X po(k)
k=0
n—1
Prp(N) JZO Prrb(i)
n—1
e Pb"/n! ;0 e (b))t
—n-1 “(b+n) n
e (b+X)"/n!
~bpkyk1
n—-1

> [Ub+N)"j1]
_ 10 <1. )

Z [1/(b)"kk!]

The lastinequality occurssinceb+A=b.

IV. BAYESIAN CONNECTION

Thediscussionn this sectionmakesuseof the following
identity, which may be establishedby repeatedntegrations
by parts:if mis any positiveintegerand c=0, then

[y

f yme Ydy= E ice °=P (m),
(10
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This has an amusingconsequenceWhile qgm(n) is nota
densityin n, it is a densityin A, thatis,

f;qz,m)dxﬂ. 1

It follows that gy, ,(n) is the (formal) posteriordistribution
thatis obtainedwhen\ is given an (impropej uniform dis-
tribution over the interval 0\ <o, [It is alsothe limiting
posteriorthat is obtainedif \ is given a (prope) uniform
distributionovertheintervalOs<\ <A andthenA is allowed
to approacte.] Moreover,usingEq. (10) againleadsto the
following curiousrelation:

ffqg,gn)dvob,xo(n). (12

Thatis, the posteriorprobabilitythat\ exceeds\ givennis
the conditionalprobability of at mostn eventstotal given at
mostn backgroundceventswhen\ =\ 4. Hence,usingD, one
of our possibilitiesabove althoughfully basedon a frequen-
tist approach,has some Bayesianjustification. The Giunti
approach,mentioned above, fundamentally uses a partly
Bayesian partly frequentistapproach.

Treating gy ,(n) as the posteriordensityin \ leadsto
Bayesian credible (confidence intervals of the form
{\:qp \(n)=c,}, wherec, is so chosento control the pos-
terior probability of coveragethatis,

qu}\(n)d)\=l—a. (13

J{)\:qg’)\(n)zcn}

Relation(12) is usefulin computingthe latter integral. The
endpointsof theseintervalshavebeencomputedor selected
b and n and are comparedto the endpointsof the modified
unified approachin Tablel.

V. SUMMARY

We havesuggesteé modificationto the unified approach
of Feldmanand Cousinsto furtherimprovethe estimationof
signal countsin the presenceof backgroundlIt consistsof
replacingthe density function correspondingo the Poisson
distribution p, ., (k) with the conditional density function
dp (k). We notedthat this methodhas a clear frequentist
justificationandis the answerto a clear statisticsquestion.

We comparedthe resultsusing this modificationto the
unified approachwith the resultsobtainedusingthe unmodi-
fied unified approachIn contradistinctiorto the old method,
the new methodleadsnaturallyto sensibleresultsif the ob-
servationhas fewer eventsthan expectedfrom background
eventsalone.
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