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Abstract. | discuss an issue arising in analyzing data from astronalnsigrveys: accounting for
measurement uncertainties in the properties of individoatces detected in a survey when making
inferences about the entire population of sources. Sourcertainties require the analyst to intro-
duce unknown “incidental” parameters for each source. Timeler of parameters thus grows with
the size of the sample, and standard theorems guarantesyingptotic convergence of maximum
likelihood estimates fail in such settings. From the Bagegioint of view, the missing ingredient
in such analyses is accounting for the volume in the incalgrarameter space via marginaliza-
tion. | use simple simulations, motivated by modeling th&ritiution of trans-Neptunian objects
surveyed in the outer solar system, to study the effects wfcgouncertainties on inferences. The
simulations show that current non-Bayesian methods fodlivagn source uncertainties (ignoring
them, or using an ad hoc incidental parameter integratimgyxre incorrect inferences, with errors
that grow more severe with increasing sample size. In csfate@counting for source uncertainty
via marginalization leads to sound inferences for any sarsigke.

INTRODUCTION

Astronomers devote enormous community resources to ssirgggtematic searches of
some region of the sky, with goals including characteraratf populations of known
astronomical sources, and discovery of new sources. Ssiplay pivotal roles in nearly
every astronomical discipline, spanning the full range aalas from solar system as-
tronomy (e.g., surveys of the asteroid and trans-Nepturtiggct (TNO) populations) to
cosmology (e.g., surveys of distant galaxies, active gasaand cosmological gamma-
ray bursts (GRBSs)). Accurate and thorough analysis of suohaéa is crucial to maximize
the scientific return from the extensive resources devateditveys. But although there
is a high degree of sophistication in survey analysis methodsolated astronomical
disciplines, in many disciplines more rudimentary methadsused that waste informa-
tion in the data and in some cases can produce misleadindgustots. Even in areas
where sophisticated methods are used, there is ongoingrobse analysis methods.
Several important and sometimes subtle issues arise inngnadcurate inferences
from survey data. Here | will focus on one such isqueperly accounting for individual
source uncertaintiesin the next section | briefly discuss how source uncertagnti
complicate survey analysis by distorting the underlyingtribution, emphasizing that
the distortions must be explicitly accounted for even (aechpps especially) when the
number of data is large. In 8§ 3, | present a concrete exampkriting the Bayesian
approach to handling source uncertainties—analysis ofrthgnitude distribution of
TNOs—including a comparison with results from non-Bayesigethods.
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FIGURE 1. Distortion of the source observable distribution due torsewncertainties.

IMPLICATIONS OF SOURCE UNCERTAINTIES

Astronomers have known since the early 20th century thatceouncertainties distort
the distribution of observables. The clearest early dpson of the effect is due to
Jeffreys in 1938/|1], and is depicted in Fig. 1. We measurebamih equal ranges some
observable, say source distanaedyleasurement errors produce estimatésat differ
from the true values, so some measurements will be put in tbagwin. If the true
number in a bin is greater than that in its neighbors, we expece measurements to
be scattered out of the bin than into it. As a result, the divdistribution is distorted; it
gets smoothed in a manner resembling a convolution.

Can the distortion be removed? Jeffreys’ brief paper ¢z#id a solution offered
by Eddington that treated the problem as one of invertingrav@ation; Eddington’s
solution, predating understanding of the ill-posed natdigich an inversion, was highly
unstable. Jeffreys pointed out that a superior approachdnmaito predictrather than
invert the data; he suggested introducing a parameteripeléhand using the likelihood
function to find the model parameters that best predict tie. daut he did not present
such a solution in any detail, and his advice was largelyrigdaintil the 1980s.

In the meantime, Malmquist offered an approach whose basitifes have guided
survey analyses to this day. Rather than use the naive bestifnates of, Malmquist
showed that one could use the underlying distributin), and the known size of the
f uncertainties to devise corrections that lead to revis@ichates,r; that can be used
to estimatef (r) in an unbiased manner. Malmquist’s work was so influentiai tiases
resulting from ignoring source uncertainty have come torimin asMalmquist biases

A serious defect of Malmquist's approach is that the coioest depend orf (r),
which is unknown and often the object of interest in the itigegion. Malmquist was
interested in estimating the density of stars in space. Bignasd that theolumedensity
is uniform, so that the distribution is nonuniform, wittf (r) 0 r? (due to ther? growth
of the spherical coordinate volume element). This asswnptas used for many years,
but in many applications it is unsound. This is particuldhg case in studies of galaxy
surveys, since we know that the galaxy distribution is vespumiform. As a result,
generalizations of Malmquist’s approach have been sougme assume a simple

1 See Strauss & Willick (1995), Teerikorpi (1997) and Sandau# Saha (2002) for some recent reviews
of Malmquist-type survey biases. Lutz-Kelker bias is a Embias arising due to source uncertainties.
For brevity’s sake we do not distinguish it from Malmquisa®iere; see Smith (2003) for brief remarks
on the relationship.



parameterized form for the density (typically a power lam)l @etermine corrections as

a function of the parameter. Some procedure is then dewssettthe parameter using
the data, e.g., via an iterative scheme. Other approachesdmempirical Bayesian
flavor (though they are typically labeled as maximum likebd approaches); they
multiply the likelihood for ther value of a source by a prior determined by the source
density. For a uniform density (so the priorig?), takingrequal to the posterior mean
value ofr duplicates Malmquist’s corrections. Again, the density ba parameterized
and the parameter adjusted using some criterion to measasstency between the
final r estimates and the prior. But no rigorous, self-consistppt@ach has yet been
offered, and research continues on how best to account foniast bias.

Nothing about Jeffreys’ or Malmquist’s observations dejezhon the observable
being distance, and the effect will be present for any othseovable with a nonuniform
distribution that is measured with uncertainty. Unfortiehg although the importance
of correcting for such distortion is well known for space sién estimation, in other
applications the effect has not been so widely recognized.

The dependence of Malmquist corrections on the unknownityeissa well known
problem with Malmquist’s treatment of the effects of sounceertainty. But there is a
more subtle potential problem that is not so widely recogghia he Malmquist approach
replaces naive point estimates of observables with “cteddpoint estimates. Although
source uncertainties are used to determine the correctmrte the corrections are
determined, the source properties are treated as prekisaiyn in subsequent analysis.
But ignoring such uncertainties can be dangerous, as tloeviag example illustrates.

In a classic paper written in 1948 motivated by statisticalbfems in astronomy,
Neyman and Scott[2] discussed the following problem. Fehed a number of sources
we make repeated measurements of the source intensity withsgument that adds
noise to the signal. The sources each have different intesisiWe assign a Gaussian
distribution for the noise, but the instrument’s noise d&d deviationg, is not known
at the outset. We can pool together the data fidreources to estimate the common
parameterg (and then use this information to estimate the source iittegs

As the simplest case, suppose there are two measuremeaggfoobject. For source
i, the likelihood function for its intensityy;, ando is just the product of two Gaussians,

ﬁexp{— (Xiz—alzli)z] o omexp{—%] :

wherex; andy; denote the two measurements. Fig. 2a shows contours ofkélibbod
for typical measurements with true = 1. As one might expect, the likelihood is
symmetric iny; with its peak at the sample medw, +y;) /2. Theo uncertainty is large
for just two measurements, but includes the true value. @sbed curve labeled “1 pair”
in Fig. 2b shows a standard frequentist summary of the irapbas of this data foo.
The curve is th@rofile likelihoodfor g, the maximum likelihood as a function of(i.e.,
maximized with respect tg;). Also shown is the Bayesian summary of the information
in the data aboutr, the marginal likelihood foo, obtained by multiplying the likelihood
by a prior for; (here uniform) and integrating oyf. (A final Bayesian inference for
o would be found by multiplying this by a prior density far to get the marginal
posterior forg.) The marginal likelihood is different from the profile likeood, but

g(“iva) = (1)
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FIGURE 2. The Neyman-Scott problenfa), left, the likelihood foru and o for a single pair of
measurements (with measured valu@sdy shown by dots along the axis). Cros shows the maximum;
contours are at the asymptotic 68% (dotted), 95.4% (dasdrediP9.73% (solid) confidence levefb),
right, the profile likelihood (dashed) and marginal likeldd (solid) foro for a single pair, and for 20
pairs (ordinates rescaled to facilitate comparison).

not significantly so, given the large uncertainties.

Now consider what happens when we pool information from olad®ns of 20
sources (by multiplying likelihoods). The curves label&d “pairs” show the results
using Monte Carlo samples. The profile likelihood is conirgggyuickly to thewrong
value (it is easy to show that it asymptotically convergessit,/2). The marginal
distribution converges less quickly, but is peaked neartthe value (and in fact is
consistent—it asymptotically converges to the true vatwueahy smooth prior). Return-
ing to Fig. 2a, we can understand this behavior. The likelthoontours for a single pair
of measurements are asymmetricoinenclosing much less volume in tipg direction
at small values ob than at larger values. Focusing on the likelihgaakignores this,
leading the maximum likelihood approach astray, while aotimg for thevolumeunder
the likelihood via marginalization gives correct infereac

This problem is notable in two respects. First, itis temptmhope that as one gathers
more and more data, asymptotics comes to the rescue anchtpegaonvergence to
the truth, with uncertainties “averaging out.” The examgh®ws this is not true. The
reason is that the the presence of source uncertainties (hgr) means that each
source brings with it a new parameter that must be estimatedicitly or implicitly.
Neyman and Scott called these “incidental” parameterspirtrast to the “structural”
parameterg, shared among all measurements. The total number of paesEesent
grows with the number of data so the allowed volume in paransgtace does not shrink
to zero asymptotically, and this feature of such problenesgmts the usual asymptotic
guarantees from holding.

Second, the example shows that even frequentist maximefiihidod methods, close
in many respects to Bayesian methods, are insufficient in seitings. It is the Bayesian
focus onvolumesaunder likelihoods, a consequence of taking a probabilégifiroach to
parameter uncertainty, that leads to accurate inferences.

The Neyman-Scott problem is not merely academic. One of ithiel@ms that moti-
vated their work frequently arises in astronomy and othsciglines: fitting data that



has errors in both the abscissa and the ordinate (“errevasiables” models). In such
problems, the unknown true abscissa values appear as ceipamameters, and their
number grows with the number of data. As a result, one mustlbauch problems with
some care, a point made in these conferences by Ed Jayneseaerd=bill (see |3]).

Of course, another setting where the features of Neymad'Saantt's problem appear
Is survey analysis; each source brings with it its own uaderhcidental parameters, and
we learn about shared structural parameters describindigtebution of sources by
pooling the information from the sources. To demonstrageréevance of the problem
to survey analysis, let us consider a concrete example.

TRANS-NEPTUNIAN OBJECTS

We consider surveys detecting and reporting apparent rualgs of TNOs, a large
population of minor planets with orbits extending beyondttbf Neptune. The first
TNOs were detected in 1992; today nearly 1000 are known r8ledgnamically distinct
populations comprise TNOs, distinguished by the distitdng of their orbital elements.
The majority are “classical” Kuiper belt objects (KBOs),tlvia broad distribution of
low-eccentricity, low-inclination orbits. Other populants have eccentric orbits due
to interactions with Neptune (“scattered” KBOs) or orbitsviarious resonances with
Neptune (e.g., Plutinos, in orbits with a 2 : 3 resonance Wéptune; Pluto is considered
a member of this TNO class). We focus on classical KBOs hexle@&adman et al.|[4]
for a brief overview of the populations, and the review &etioy Luu and Jewitt/|5],
discoverers of the first TNO, for a more thorough overviewti@f~ 10° known TNOs,
only ~ 10% were discovered in surveys that have been characterizédeuily to allow
a rigorous analysis of the TNO distribution; this number giow rapidly in the next
few years. Fig. 3 presents a plan view of the solar systemisigaive current locations
of 200 of the earliest discovered TNOs, and their relatigngihthe planets in the outer
solar system.

Suppose TNOs have a distribution of sizBsthat is a power lawf (D) O D9, and
a density distribution that varies with heliocentric ragliy as a power lawn(r) Or B,
bounded between Neptune’s orbit and some maximum distdid®s are seen by
reflected sunlight, so the flux from a TNO obey’s & D?/r# law (ignoring for simplicity
Earth's 1 AU distance from the sun, small compared to TNOadists). The flux
distribution of TNOs is then a broken power law, with the polags index of dim objects
determined by3, and that of bright objects determined ¢pyAstronomers report optical
fluxes on a (negative) logarithmigagnitudescale, with magnituden= —2.5log,oF /Fo
(with Fy a fiducial flux). LetZ(m) be the number of TNOs per square degree with
magnitudes less tham. The broken power law flux distribution implies a cumulative
magnitude distribution that is a broken exponential,

5 (m) = 10°(M-mo), (2)

where the log-slopey, is different at large and smat. For the dimmest objects (large
m), the slope measures the TNO space density index,fvtH 0o + 3. For bright TNOs
(smallm), the slope measures the size distribution index, githS5a + 1. Note that the
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FIGURE 3. A plan view of the outer solar system in July 2004, looking ddive north ecliptic pole.
The solid curves and open crosses show the orbits and lasaifalupiter, Saturn, Uranus and Neptune;
© denotes the Sun. The dashed curve and large dot show thewddibcation of Pluto, considered to be
the largest of a class of TNOs called Plutinos. The small stovsv the locations of 200 TNOs; about 800
have so far been discovered.

parameters of physical interegtandf, are related to the more directly observable slope
a by large factors so that small errorsdnlead to large errors in the inferred physics.
A goal of TNO survey analysis is to estimate the slope of thgmitade distribution

in different magnitude ranges in order to estimate the esliof the size and density
distributions.

To date well over a dozen well-characterized surveys of tN® Ppopulation have
been undertaken, with extremely diverse characterisBcsne spread observing re-
sources in relatively short exposures over broad regiorieeoky along the ecliptic,
providing the best data on bright TNOs (since they samplegelarea). Others focus
all resources on a narrow “pencil beam” target area, usipgated long exposures to
search for the numerous very dim TNOs. Many surveys are wesstul in the sense of
not detecting any new TNOs; nevertheless the lack of detetis itself useful infor-
mation that sets bounds on the TNO density in the regionssaitile to such surveys.
Different surveys use filters that access different parte@bptical spectrum. An impor-
tant challenge in TNO survey analysis is how to consistertdiybine the information
from the many surveys.

TNOs are dim objects that are challenging to detect and measleasurement un-
certainties due to photon counting statistics can be sggmfi Systematic uncertainties,
e.g., due to the need to convert measurements to a commotewgtrerange, or due
to TNO variability, can be significant. Both statistical asy&tematic uncertainties tend
to be largest for the dimmest TNOs. For bright TNOs the magiituncertainty is rel-
atively small,~ 5%. For dim TNOs, it is typically much larger, 20—30%. Sinéstaht
TNOs tend to be dim, and since the volume for a given radiuga@nlarger for distant
sources than for nearby sources, many or most of the souregsdrticular survey tend
to be dim. Thus many of the detected TNOs have significant matguncertainties.
An additional challenge in TNO survey analysis is accountor these uncertainties.

Most studies of TNO data use approaches that can be chazadt@s trying to “fix



the data.” They try to construct a “debiased” estimate& oh) that has the selection
effects of a particular survey removed. These estimatetharecombined and models
fitted via least squares methods. These approaches haveaustiefects. The data
are sparse; bins must be wide to contain enough objects tibyjtise asymptotic
approximations underlying the methods. This sacrificeslugi®n; some studies simply
ignore the requirement and allow bins to have few countseratifian use wide bins.
The arbitrary choice of bins introduces troubling subjattiinto the results. Some
studies fit thecumulativerather than differential binned distribution, ignoringtstrong
correlations in the binned estimates and thus seriouslgnastimating the uncertainty
in the final inferences. None of the studies make any attemnat¢ount for magnitude
uncertainties, even though they are typically of compa&audale to the bin widths
for dim sources. With such uncertainties, consistent modipendent “debiasing”
is simply impossible; moreover, ignoring them risks undé@neating uncertainties in
the final inferences, and possibly finding incorrect resdiis to the volume effects
discussed above.

Bayesian inference is ideally suited to the challenges oDTirvey analysis. In-
formation from disparate surveys can be easily combined bliplying likelihoods.
Source uncertainties can be handled by introducing nuespatameters and marginal-
izing. Systematic error can be incorporated in the analgsise the Bayesian approach
does not restrict use of probability distributions only tarfdom” uncertainties.

Gladman et al.l |6l 14] have adopted a Bayesian approach to TiN2\s analysis,
building on the work of Loredo and Wasserman on analysis oBGRrvey datall7,
g8,19]. Their results differ markedly from those of investigg using the approaches
described above. More recently, Bernstein et al.l ([10]; )B@&ve advocated a quasi-
Bayesian approach, but with an incorrect likelihood fumatiln the remainder of this
section, | will describe the Bayesian approach and howfiediffrom the BO4 approach,
illustrating how some of the concerns of the previous saat@n manifest themselves
in analyses of TNO survey data. The results show that it isemaugh to follow
the Bayesian approach “in spirit;” inferences can be sigaifily corrupted unless the
Bayesian prescription is followed with care.

For an analysis of the TNO magnitude distribution, the infation from a TNO
survey can be summarized by reporting the following quistit

+ The solid anglew, examined by the survey;

« The survey efficiency functiom (m), specifying the probability that a TNO of
magnitudem will produce data meeting the survey criteria for detegtion

« Source likelihood functiong;(m), giving the likelihood that TNG has magnitude
m. By definition ¢;(m) = p(d;|m,M) is the probability for the datd; from source
i presuming the source has magnitudewith M denoting any data modeling as-
sumptions. It will often be adequately summarized by a Ganganction specified
by the best-fit (maximum likelihoody value for the TNO and its uncertainty.

Our goal here is to infer the parameteis of a specified model for the TNO magnitude
distribution. The key ingredient in a Bayesian analysiss likelihood function for8
based on all the survey dafa, defined by#(6) = p(D|6,M). We will derive it in two
steps. First, we derive the likelihood for an idealized syrable to detect every TNO
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FIGURE 4. Constructing the likelihood for an idealized survey as anpprocess irm, with empty
intervals of sized\y, and TNOs detected at points in small intervals of sizém.

brighter than some magnitude,, and reporting the magnitude of TNiQprecisely as
m;. Then we account for the complications of detection efficyeand source uncertainty.

We model the magnitude distribution as a Poisson point pospecified by the
differential magnitude distributiorg(m), defined so thatr(m)dmdw is the probability
for there being a TNO of magnitude jm, m+ dm in a small patch of the sky of solid
angledw (soX(m) is its integral). For idealized data, we imagine thevalues spread out
on the magnitude axis, shown in Fig. 4. We divide the axis @ampty intervals indexed
by a with sizesA\y, between small intervals of siZan containing theN detected values
m;. The expected number of TNOs in empty interaak,

Ug = w/A dmao(m). (3)

The expected number in the intendah associated with detected TNGs
pi = wdma(m), (4)

where we takedm small enough so the integral ovém is well approximated by
this product. The probability for seeing no TNOs in emptyemal o is the Poisson
probability for no events whep, are expected, given bg He. The probability for
seeing a TNO of magnitud® in dm s the Poisson probability for one event whan
are expected, given byje Hi. Multiplying these probabilities gives the likelihood for
the parameterd, specifyingo(m). The expected values in the exponents sum to give
the integral ofo (m) over all accessiblen values, so the likelihood can be written,

N
2(6) = (wamexp| - [ amo(my-ma(m| [|otm).  ©

where®(my, — m) is a Heaviside function restricting the integralrtovalues smaller
thanmy,. The factor in front is a constant that will drop out of Bayeieorem and can
henceforth be ignored.

Now we consider the real survey data, which differs from ttlealized data in
two ways: the presence of a survey efficiency rather than gpghaeshold, and the
presence of magnitude uncertainties. We immediately rtm difficulty with a point
process model because we cannot make the construction oft Fgince we do not
know the precise values of the TNO magnitudes. But in a Bayesalculation we can
introduce these values as nuisance parameters, and tegraitat them out. To facilitate
the calculation, we need to introduce some notation. Whearoag as an argument



in a probability, letm; denote the proposition that there is a TNO of magnitoglén

an intervaldm at m. We divide the dataD, into two parts: the data from the detected
objects,{di}, and the proposition,/", asserting that no other objects were detected.
Then the likelihood can be written,

2(8) = p(D|6,M)
— [{dm} p({m},.#10.M) p({di}|{m}..4, 6.M). (6)

The first factor in the integrand can be calculated using atcoction similar to that
used for the idealized likelihood above, with one importdifference: the presence of
the_# proposition means that we cannot assume that no TNO is priesefy, interval,
but rather that no TNO wadetected Thus these probabilities are Poisson probabilities
for no events whep, are expected, with

Ha = w [ dmn (m) o(m) @

thedetectablenumber of TNOs in the interval rather than the total numblkusTthe first
factor in the integrand in equatiol (6) resembles the rigimohside of equationl(5), but
with n(m) replacing the Heaviside function in the integral in the exgt.

The second factor in the integrand in equatidn (6) is the godiby for the data from
the detected objects, given their magnitudes. Since thecedikelihood function is
by definition ¢;(m) = p(d;|m), this probability is just a product of source likelihood
functions evaluated at the specifiesl values (with them values given, the4” and
0 propositions in this probability are irrelevant to the pabbity for d;). Now we can
calculate equatior]6):

£ = exp{—w/dmn(m)a(m)] |I_| /dméi(m)a(m), (8)

where we have dropped the unimportant interval factors,va@dave simplified the
notation by dropping the indices from time variables in the integrals, since they are
just integration variables for independent integrals.

B04 derived a likelihood function for TNO magnitude data loyiaformal argument,
with their final result being,

L= exp{—w/dmn(m)a(m)] |I_| /dmn(m)ﬁi(m)o(m). 9)

This differs from equation{8) in the presencerpfm) factors in the source integrals.
B04 argued that these factors should be present becausebtabpity for the data from

a detected TNO with given magnitude should be the produdi@ptobability that the
TNO was detected, given by(m), times the probability for the detection data. But this
is an incorrect calculation of a joint probabilfy.et Z; denote the proposition that a

2 | made the same error in an early analysis of the neutrinextist from SN 1987A[11]. In later work
the error was corrected and discussed along the lines peesearel[12].



TNO is actually detected in the data from TNO candidatéhe product rule lets us
calculate the joint probability foZZ; andd; in two ways:

p(Zi,dilmM) = p(dijm,M)p(Zi|di,m M)
= p(Z|mM)p(di|Zi,mM). (10)

In the first line, the first factor is just the source likelilthd;(m). The second factor
is the probability that TNQ is detectedgiven the data from that TN@But since we
are considering data from a detected TNO, this probabsityrity by definition (i.e.,
detection is a criterion that the observed data are in sooepéable set, and by definition
data from a detected TNO must lie in that acceptable set)h&goint probability for
detection and the data, given is just the isolated;(m) term appearing in the correct
likelihood.

Now examine the second line in equatiénl(10), correspontbnipe factorization
implicitly used by BO4. The first factor is the probabilityatha TNO of magnituden
would be detected; this is given by(m). But the second term is the probability for
the data from the detected TN@iven that it has been detected/e can calculate this
probability with Bayes’s theorem; it is given ly(m) /n(m). Then factors cancel, and
this factorization of the joint probability also equéjém), as it must. The BO4 derivation
fails to condition on detection when calculating the datzbpbility, and so produces an
incorrect final likelihood function.

To make these considerations concrete, imagine a sim@etdethat counts photons
in a single pixel, and reports a detection if the counts edamane thresholdy,. The
data from detected sources just the counts);, detected from that source. Then the first
factorization is the product of the Poisson probabilityripcounts given the magnitude,
and the probability tham;, > ny,. Since the source was detected, the last probability is
unity, and we are left with the Poisson likelihood fordefining/;(m). For the second
factorization, the first factor is the probability that> ny, given the TNO magnitude.
This is a sum of Poisson probabilities for counts abay€it is given by an incomplete
Gamma function). The second factor is the probability f@iisgn; counts from a source
of magnitudem, given that the counts from that source are aboyeThis is the Poisson
probability forn;, but renormalized for counts above the threshold. The realization
requires division by the sum given by the first factor, so thetor cancels and again we
are left with the Poisson probability fox counts giverm, that is,/;(m) (with no n(m)
factor).

B04 further argued that the uncertainties were small endbghthey could be ig-
nored, essentially taking(m) to be ad-function at the best-fit magnitudey. 1n this
approximation the integral for objecbecomes) (fiy) o (1fy). The first factor is constant
with respect to the model parameters, so this corresporal$ikelinood function given

by,
L= exp{—w/dmn(m)a(m)} []o(m). (11)

This is the idealized likelihood of equatidd (5), with theddeside function replaced by
the detection efficiency. This is the likelihood actualleddy BO4.

To explore the consequences of use of the incorrect likethaf equation[{99), and
of completely ignoring uncertainty and using equatibd (148 can construct simple



simulated surveys where the truth is known and see if thésdiHbods recover the
truth. | simulated data from a TNO distribution with a “rol§” power law index using
a model advocated by B04,

o(m) = 02310[a(m—23)+a’(m—23)2}, (12)
whereoss is the density am = 23, a is the power law slope ah= 23, anda’ is the
rate of change of the slope with TNO magnitudes were drawn from this distribution,
and then the counts expected from that source in a simpléesgel measurement
were sampled from a Poisson distribution with expectedesplaportional to the flux.

If the counts were above a threshotg},, the TNO was detected, and its Poisson like-
lihood was used fof(m). For the results shown in Fig. 5, the threshold and expected
counts were chosen so that the dimmest detected TNOs hactartainty~ 33%. The
model used hag = 0.75 anda’ = —0.05, a model B04 find describes classical KBOs
well. Fig. 5a shows the most probable parameter values ffihsimulated surveys with

N = 100 detected TNOs; the values were found by calculating @ugimal distribution

for a and a’ using flat priors. The solid dots show estimates using theecblikeli-
hood; the open circles show estimates ignoring source taiogy, using equatiori.(11).
Estimates from the correct likelihood are scattered ropgiimmetrically about the true
value (indicated by the opex). Estimates ignoring source uncertainties systemayicall
overestimatex and underestimate’. For samples of this size (comparable to the size
of the sample analyzed by B04), the uncertainties are langegh that the estimates
are still sometimes near the correct value despite the gtbtas. Fig. 5b shows esti-
mates withN = 1000, and the situation is worse—-the estimates ignorirgguainty
are converging away from the truth, similar to the behave®rsin the Neyman-Scott
problem. In contrast, the correct likelihood producesnestes converging on the true
value. Figs. 5¢,d repeat the experiment using the liketihafeequation[(P) that attempts
to include uncertainties, but has the incorrgét) factor. We find the same behavior,
indicating that even though equatidn (9) has integrals thesource uncertainties, the
incorrectn (m) factors corrupt inferences using this likelihood.

These simulations do not necessarily call into questionfitied scientific findings
reported by B0O4. The simulations used a simplified surveyooa, with somewhat
larger magnitude uncertainties than B04 claim for theiadand in any case indicate
that for samples with similar size to that studied by BO4yecrresults are sometimes
found by chance. What the simulatiothgindicate is that use of the incorrect likelihood
will eventually lead to trouble as sample sizes get larger.

The principle lesson of this work is thaburce uncertainties must be carefully ac-
counted for in analyses of survey data particular, the effects of source uncertainties
do not “average out” as data sets grow in size, but in fact caw ghore severe. Bayesian
inference proves to be an ideal tool for handling this pnoblBy accounting for volumes
in parameter space—especially volumes associated witlheintal parameters that arise
due to source uncertainties—a Bayesian analysis can @elyuagcount for the distor-
tions introduced by source uncertainties. Further workhis issue, including a more
thorough examination of the BO4 results, will be reportestehere.
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FIGURE 5. Parameter estimates from analyses of simulated data froofliagrpower law model,
using the correct (solid dots) and incorrect (open dots) Tdd&ey likelihood. Open %" indicates the
true parameter valuesa,p) Estimates using a likelihood that ignores parameter daicdies, for TNO
samples of size 10@) and 10001f). (c,d) Estimates using a likelihood with incorrect source uraiety
integrals, for TNO samples of size 10€) @énd 1000 @).
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